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Abstract

We consider the fractional ARIMA process with seasonality s, denoted by SARFIMA
(p,d,q) x (P,D,Q)s, which describes time series with long memory periodical behavior at
finite number of spectrum frequencies. We present the proof of several properties of these
processes, such as the spectral density function expression and its behavior near the seasonal
frequencies, the stationarity, the intermediate and long memory characteristics, the autoco-
variance function and its asymptotic expression. We also investigate the ergodicity and we
present necessary and sufficient conditions for the causality and the invertibility properties
of SARFIMA processes.
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1 Introduction

Recently, the study of time series turned the attention to the ones having long memory char-
acteristics. The ARFIMA(p, d, q) process, first introduced by Granger and Joyeux (1980), and
Hosking (1981 and 1984), present this property when the differencing parameter d is in the in-
terval (0,0.5). This feature is reflected by the hyperbolic decay of its autocorrelation function or
by the unboundedness of its spectral density function, while in the ARMA model, dependency
between observations decays at a geometric rate.

We consider processes with long memory and periodicity characteristics, the so-called SAR-
FIMA(p,d,q) x (P, D,Q)s processes.

The papers by Porter-Hudak (1990), Ray (1993), Ooms (1995), Carlin and Dempster (1989),
and Montanari et al. (2000) deal with seasonality analysis for observable data in different fields
of applications. The work by Hassler (1994) presents a complete generalization of fractional dif-
ferencing processes with the presence of periodicity considering rigid, and flexible models. It also
illustrates the risk of fractional misspecification. The paper by Peiris and Singh (1996) deals
with prediction, and minimum mean squared error predictors of one step ahead for seasonal
fractionally integrated models. The paper by Reisen and Lopes (1999) presents forecasting
results for the ARFIMA(2,d,2) model, including the variance of the mean squared error us-
ing the smoothed periodogram regression method for estimating the parameter d. The later
paper also presents an analysis for a real observed data comparing the performance of both
ARIMA, and ARFIMA models. Ray (1993) forecasts the IBM product revenues using a com-
plete SARFIMA(p, d, q) x (P, D, Q)s process. Palma (2007) uses the Kalman filter approach in

!Corresponding author. E-mail: silviarc.lopes@gmail.com



the estimation of the parameters d and D for SARFIMA(0, d,0) x (0,D,0)s process. A com-
panion paper, Bisognin and Lopes (2008), to be published elsewhere, gives an extensive Monte
Carlo simulation study for different estimation methods for these processes. This paper also
deals with forecasting on seasonal long memory processes and an application to the theory.

The main goal of this paper is to present several theoretical properties of the SARFI-
MA(p,d,q) x (P,D,Q)s processes, such as the expression of the spectral density function and
its behavior near the seasonal frequencies, the stationarity, the intermediate and long memory
characteristics, the autocovariance function and its asymptotic expression. We also investigate
the ergodicity and we present necessary and sufficient conditions for the causality and the in-
vertibility of SARFIMA processes.

The paper is organized as follows: the next section gives some definitions, and the proof of
several properties for the SARFIMA (p, d, q) x (P, D, Q)s processes. In Section 3, we investigate
necessary and sufficient conditions for the causality and the invertibility of SARFIMA processes.
The mean square and probability one convergences are given for both infinite moving average
and infinite autoregressive representations. Section 4 gives the ergodicity property for these
processes and Section 5 presents our final conclusions.

2 SARFIMA(p,d,q) X (P,D,Q)s Processes

In many practical situations time series exhibit a periodic pattern. These time series are very
common in meteorology, economics, hydrology, and astronomy. Sometimes, even in these fields,
the period of the seasonality can depend on time, that is, the autocorrelation structure of the
data varies from season to season. Here, in our analysis, we consider the seasonality period
constant over seasons.

We shall consider the seasonal autoregressive fractionally integrated moving average process,
denoted hereafter by SARFIMA (p, d, q) x (P, D, Q)s, which is an extension of the ARFIMA(p, d, q)
process, proposed by Granger and Joyeux (1980) and Hosking (1981).

The following sub-section presents some definitions and properties of these processes.

2.1 Some Definitions and Properties

Definition 2.1. Let {X;};cz be a stationary stochastic process with spectral density function
fx(-). Suppose there exists a real number b € (0, 1), a constant Cy > 0 and one frequency
G € [0, 7] (or a finite number of frequencies) such that

fy(w) ~ Cflw — G| ™%, whenw — G.
Then, {X;}iecz is a long memory process.

Remark 2.1. In Definition 2.1, when b € (—1, 0), we say that the process {X;}icz has the
intermediate dependence property. We refer Doukhan et al. (2003) for more details.

Definition 2.2. Let {X;}+cz be a stochastic process given by the expression
H(B)®(BVIVL (X, — ) = 0(B)O(B%)ey, fort € Z, (2.1)

where 1 is the mean of the process, {e;}+cz is a white noise process with zero mean and variance
02 :=E(e?), s € N is the seasonal period, B is the backward-shift operator, that is, B*(X;) =



Xi sk, VP := (1 — B*)P is the seasonal difference operator, ¢(-), 0(-), ®(-), and O(-) are the
polynomials of degrees p, q, P, and @, respectively, defined by

p q

$(B) = Y (=¢) B, 6(B)=> (-b;)B,
i=0 j=0
P ! Q

®B) = D (—®)BF, OB)=> (-6)B, (2.2)
k=0 =0

where ¢;, 1 <1 < p,0;,1 <j<gq &,1< k< P,and 6, 1 <1 < @ are constants and
¢o = Pyp = —1 =60y = ©g. Then, {X;}ecz is a seasonal fractionally integrated ARMA process
with period s, denoted by SARFIMA(p,d, q) x (P, D, Q)s, where d and D are, respectively, the
differencing and the seasonal differencing parameters.

Remark 2.2. (1) The seasonal difference operator VP = (1 — B%)P, with seasonality s € N,
for all D > —1, is defined by means of the binomial expansion VP = > k>0 (g)(—b’s)k,
where

D
</<:> =T1+D)/I'QA+kTIT1+D-—k).
The difference operator V¢ is obtained when D = d and s = 1.

(2) A particular case of the process given by (2.1) is when P =p=0=q =@ and d = 0.
This process is called the pure seasonal fractionally integrated model with period s, denoted

by SARFIMA(0, D,0)s and it is given by
VO(X, — 1) = (1 - B) (X — ) = 21, t € Z. (23)

We refer the reader to Bisognin and Lopes (2007) for the estimation and forecasting anal-
ysis of these processes. We also refer the reader to Brietzke et al. (2005) for a closed
formula for the Durbin-Levinson’s algorithm relating the partial autocorrelation and the
autocorrelation functions of these processes.

(8) When P=0=Q, D=0 and s =1 the SARFIMA(p,d, q) x (P, D, Q)s process is just the
ARFIMA(p,d, q) process (see Beran, 1994). In this case we already know the behavior of
the parameter estimators (see Reisen and Lopes, 1999 and Lopes, 2008).

(4) Whenp=0=gq, D =0=d the SARFIMA(p,d,q) x (P,D,Q)s process is reduced to the
SARMA(p, q)s process.

(5) The negative value for the coefficients of all four polynomials in expression (2.2) is used
in the companion paper Bisognin and Lopes (2008). For this reason we maintain it here.

It is convenient to introduce the notation Z> = {k € Z|k > 0}, Z¢ = {k € Z|k < 0} and
A={1,---,;s—1} CN

In the following theorem we present the expression of the spectral density function and
its behavior near the seasonal frequencies, the stationarity, the intermediate and long memory
properties and the autocovariance function for the SARFIMA(0, d,0) x (0, D,0)s processes.

Theorem 2.1. Let {X;}iez be the SARFIMA(0,d,0) x (0, D, 0)s process given by the expression
(2.1), with zero mean, s € N as the seasonal period and P =p =0 = q = Q. Then, the following
s true.



(i) When |d+ D| < 0.5 and |D| < 0.5, the process { X }icz has spectral density function given
by

2 w sw

= E (D] R (] 0cwen

Its behavior near the seasonal frequencies is given by the expressions (2.8) and (2.10).
(i) When d+ D < 0.5 and D < 0.5, {X;}iez is a stationary process.
(iii) When 0 <d+ D < 0.5 and 0 < D < 0.5, the process {Xt}iez has long memory property.

(iv) When —0.5 < d+D < 0 and —0.5 < D < 0, the process { Xt }iez has intermediate memory
property.

(v) The process {Xt}iez has autocovariance function of order h, h € Zx, given by
o? Z v, (sv)y, (h—sv), if h=sl, (€ ZLs;
Ye(h) =4 (2.5)
0, if h=sl+(, (€A,
where A = {1,--- s — 1}. The process {Z;}1ez is a SARFIMA(0, D,0)s (see equation

(2.83)) with autocovariance function of order v, v € Z>, given by

(—1)°T(1 — 2D)
T(v—D+1I(1—v—

D) = 'YX(U)’ Zf 5 = 07

Yy (sv+&) = (2.6)

0, if €€ A,

and the process {Y; }iez is an ARFIMA(0,d,0) (see item (3) in Remark 2.2, whenp =0 =
q) with autocovariance function of order h, h € Zx, given by

()T -2d)
W) = S ra—h=d)

(2.7)

PROOF. Let {X;}iez be a SARFIMA(0,d,0) x (0,D,0)s process, given by the expression (2.1)
when P =p=0=¢g = (@, with seasonality s € N.

(i) From the spectral density function definition, for any stationary process, one has

2 B N
fX(w):& 1—6_“”| 2d|1—e_zsw 2D,for0<w<7r.

27
) . sin(sw) )
Since lim = 1, one has sin(sw) ~ sw, when w — 0. Then,
w—0 Sw
F(w) ~ Cilw —wo| 2 P) | when w — 0, (2.8)
where wg = 0 and Cq = %S*QD.



For all j =1,---,|s/2], where || means the integer part of z, when A — 0, one has

o2l (N w; 2 sA SW —2b
fxA+w;) = 9 2sin §+7 2sin - +7
~ % Jasin (4| 52020
o 2
= CafA7?P, (2.9)
where w; = @, forall j=1,---,[s/2], and Cy = —2D }2 s1n( 5 )|_2d.
In expression (2.9), if A = w — wj, for 1 < j < |s/2], one has
fy(w) ~ Colw —w;i|7*P,  when w — w;. (2.10)

Let f,(-), given by the expression (2.4), be the spectral density function of the {X;}iecz
process. From item (i) of this theorem, f, (w) = f,(—w) and f, (w) > 0. Therefore, the
process {X;}iez is stationary if

™ s
[y (w)dw = 2/ [y (w)dw < co. (2.11)
- 0
The singularity values for the spectral density function occur in the seasonal frequencies

wj =25 forall j =0,1,---,|s/2].

From item (i), one has
s s
C’l/ lw| =2 @*P) gy < 0o and Cg/ lw —w;| " dw < oo,
0 0

when d + D < 0.5 and D < 0.5, respectively. Thus, when d + D < 0.5 and D < 0.5,
7 fe(w)dw = 2 [ fy(w)dw < oo. Therefore, from Herglotz’ theorem (see Brockwell
and Dav1s 1991), the process {X;}cz is stationary when d + D < 0.5 and D < 0.5.

From the asymptotic expression of the spectral density function of a SARFIMA(0, d,0) x
(0,D,0)s process, from item (i) of this theorem, and Definition 2.1, the process {X:}iez
has long memory property when 0 < d+ D < 0.5 and 0 < D < 0.5.

From Remark 2.1, the process {X;}icz has intermediate memory property when —0.5 <
d+D < 0and -0.5 <D <0.

Let {X:}iez be a causal and stationary SARFIMA(O, d,0) x (0, D,0)s process, given by
the expression (2.1) when P = p =0 = ¢ = @, with seasonality s € N. One wants to find
the autocovariance function of the process { Xy }iez. Let {Z;}iecz be a SARFIMA(0, D, 0)s
process (see item (2) in Remark 2.2), given by

(1-BPz, =¢, for te,

where {€} }1ez is a white noise process with zero mean and variance o2 = E((€})?) < oo.



The process {Z; }1cz has an infinite moving average representation given by

Zy=(1-B)"Pe =Y ;B(ef) =D dier (2.12)

J GZ> J €Z>

where 1); is given by the expression (2.17) below, for all j € Z>. From Proposition 3.1
(see ‘Causality and Invertibility Properties’ Section) and Proposition 3.1.2 in Brockwell
and Davis (1991), one has

Vo (h) = Cov(Zipn, Ze) = Y D e (h = s + s7), (2.13)
]€Z> TEZ>
where . (+) is the autocovariance function of the process {€; }1ez.

When h — sj + s7 =0, one has j = % + 7. Therefore, equation (2.13) can be rewritten as

1.(h) = ok Y buy r (2.14)

TGZ}
Taking h = s¢, for ¢ € Z>, one has

Yz (Sﬂ) = 062* Z W-H?%-

TEZ;

In equation (2.14), if h = sl + ¢, ( € A, where A = {1,--- ,s — 1}, v,(h) = 0. Therefore,
the autocovariance function of the process {Z;}4cyz is given by

0l Y pirtpe, if h=sl, (€ L;

TEL>

Y, (h) = z (2.15)
0, if h=sl+(, (€A

For d, D € (—0.5,0.5), let {X;}1ez be given as (1 — B*)~PY;, for all t € Z, with innovation
process {Y;}sez, given by Y; = (1 — B) ™%, (that is, {Y; };cz is an ARFIMA(0, d,0) process
with innovation process {€} }+cz, which is a white noise process with zero mean and variance

02). Thus,

X, = 1-B)""Yi= > ¢V, (2.16)
JEZLy
where
I'(j+ D) .
— _/_ for j € ZLs,
T'(j+1)T'(D Z
;= (J+DI(D) (2.17)
0, for j € Z>.



For D < 0.5, one has Ej€Z> || < oo and Zj€Z> |9j> < oo (see Lemma 3.1 in Section
3). When d < 0.5, the process {Y;}scz is stationary, that is, sup, E|Y;|?> < co. Therefore,
the series in expression (2.16) converges in mean square sense (see Brietzke et al., 2005).

Then, the autocovariance function of the process { X;}iez is given by

Tx (h) = COV(Xt—I—haXt) = Cov Z wj}/t-&-h—sjv Z (20

j€Z> T€Z>

= Z Z ijTCOV(Y;H_h—sj,Y;‘,fST)

jEZ> TEZ>

= 08 D> D e (h—s(i— 1), (2.18)

j€Z2 T€Z2

where v, (+) is the autocovariance function of the process {Y;}iez (see equation (2.7)).
Taking v = j — 7, in equation (2.18), we get

Vx (h) = 052’ Z Z ¢V+TwT’7Y (h - Sl/)- (2.19)

v2—TTEL>

By definition of the 1;’s coefficients (see expression (2.17)), the equation (2.19) becomes

Vi (h) = a2 Z Z Yuprthryy (b — sv). (2.20)

VEZ; TEZ>

Applying equation (2.15) into (2.20), one has the expression (2.5), which is the autoco-
variance function of the SARFIMA(0, d,0) x (0, D, 0), process, where 02 = 02 /o2 is the
variance of the white noise process {&;}tcz, {Zt}icz is a SARFIMA(0, D, 0), process and
{Yi}iez is an ARFIMA(O, d, 0) process, with v, (-) and 7, (-) given, respectively, by expres-
sions (2.6) and (2.7).

]

Theorem 2.2 below presents some properties of SARFIMA(p, d, q) x (P, D, Q)s processes.

Theorem 2.2. Let {X;}iez be a SARFIMA(p,d, q) x (P, D, Q)s process given by the expression
(2.1), with zero mean and seasonal period s € N. Suppose ¢p(z)®(z°) = 0 and 6(2)O(2°) = 0
have mo common zeroes. Then, the following is true.

(i) If |d + D| < 0.5 and |D| < 0.5, the process {X;}icz has spectral density function given by

o e )21 (e~ W) |? AT b . [SW\ |~
o= S () (],

for 0 <w < .

Its behavior near to seasonal frequencies is given by expressions (2.25) and (2.29).



Figure 2.1: Spectral Density Function of a SARFIMA(0, d, 0
D =035and s =4; (b)d=02,D=02and s =4; (c) d
d=0.1,D=0.35and s =6; (e) d=0.2, D =0.2 and s = 6;
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) x (0, D,0)s Process: (a) d=0.1,
= 0.35, D = 0.1 and s = 4; (d)
(f) d=0.35, D =0.1 and s = 6.

The process { X }ez, is stationary if d+ D < 0.5, D < 0.5 and ¢(z)®(2°) # 0, for |z| < 1.

The stationary process { Xy }iez has long memory property if 0 < d+D < 0.5, 0 < D < 0.5
and ¢(2)®(2°) £ 0, for |z| < 1.

The stationary process {Xi}iez has intermediate memory property if —0.5 < d+ D < 0,
—0.5< D <0 and ¢(2)®(z°) # 0, for |z| < 1.

For |d + D| < 0.5, |D| < 0.5, the autocovariance function of order h, h € Z, for the
process { Xt }iez, 1s given by

02y v, () (h—sv), if h=st, L€Ls,
Ye(h) =4 (2.22)
0, if h=sl+¢(, (€A,
where {Zi}hez is o SARFIMA(P,D,Q)s process, where {Yihiez is an ARFIMA(p,d, q)

process, A={1,---,s—1}, v,(-) and v, (-) are, respectively, the autocovariance function
of the {Zi}1ez, and {Yi}iez processes, given by the expressions (2.37) and (2.38).

PROOF. Let {X;}iez be a SARFIMA(p, d, q) x (P, D, Q)s process, given by the expression (2.1),
with seasonality s € N.



(i) The expression of the spectral density function of the process { X; };ez follows immediately
by its definition and by item (i) of Theorem 2.1,

B P
I = gy pra e

where f, (-) is the spectral density function of a SARFIMA(0,d,0) x (0,D,0)s process,
given by expression (2.4). Suppose that {X;}.ez is causal and invertible process. We know

that lin% cos(sw) = 1, that is, cos(sw) ~ 1, when w — 0. For the expression (2.23), when
w—

w — 0, one has

forall 0 <w <, (2.23)

03 s—2D 2(d+D) I_H (1 Prm 1) Hlel(l_pz,3)2]
fow) ~ TP ; e
T Pa(l=p) T (1=p,)°]
= Cslw — wo| 2@P) when w — 0, (2.25)
where wy = 0 and the inverse of py,, for each k € {m,l,¢,r} and ¢ € {1,---,4}, are the
roots of the polynomials 6(-), ¢(-), O(:) and ®(-), with
. 2 2
o2 _op|B(e”™0)O(e™0) a2 _op|8(1)e()
Cy = = - /| =Zegm2p | IO (2.26)
2n® |oemypie )| ~oxt | a()a()

The expression (2.24) holds from the approximation in expression (2.8) and because the
polynomials, in particular 6(-), can be rewritten as

= [0 -p,.2 (2.27)

m=1
where |p, | < 1 and 1/p, , is the polynomial’s root, for m = 1,---,q. By the same
manner, for each j =1,---,[s/2], one has

fX()\-i-wj) = fy()‘+wj) |¢(e—i()\+wj))|2|q)( —is(A+w;))|2

|9(€—i(>\+wj))|2’@< —zs()\+w]))|2
)|

. . 2
2 —1Wwy —1SW

~ 2D |y (W ’ —op [B(e”"7)O(w™"*"0)
271'8 ’2 Sln( 2 ) ‘)\’ ¢(eilwg)@<w—i8wo> (228)
= G, (2.29)

when A — 0, where w; = 2% and
. . 2
O'2 wj —2d Q(e—lw]’)@(e—zswo)

Cy = 27r ’2 sm( 5 )‘ B(c ) B (c—Fw0) (2.30)

The expression (2.28) holds from the approximation in expression (2.10). By taking A =
w — wj, in the equation (2.29), one has

fy(w) ~ Cylw —w;|7*P,  when w — wj, (2.31)

forall j =1,---,|s/2], where C4 is given by the expression (2.30).



(i)

(iii)

The process {X; }1ez can be written as X; = ¢(B)e;, where

0(2)0(z%) —d -D
P(z) = —"—F=(1—2)"%1—2°)"".
( 50 ZS)( )~ )
Ifd+D < 0.5and D < 0.5, item (ii) of Theorem 2.1 assures that the power series expansion
of (1 —2)7%(1 — 2%)~P converges for |2| < 1. We have that (¢(z)®(2*))~! converges for
|z| <1 when the roots of ¢(z)®(z*) = 0 are outside the unit circle. Therefore, the power
series 1(z) converges for all |z] < 1 and so the process {X;}¢cz is stationary.

Let {X;}iez be a SARFIMA(p, d, q) x (P, D, Q)s process, where all roots of ¢(2)®(z°%) =0,
are outside of the unit circle, and its spectral density function is given by expression
(2.21). By Definition 2.1 and by the asymptotic expression of the spectral density function
given in item (i) of this theorem, the process {X;}icz has long memory property when
0<d+D<0.5,0<D<0.5and all roots of ¢(z)®(z°) = 0 are outside of the unit circle.

By item (i) and Remark 2.1, the process { X }:cz has intermediate memory property when
—05<d+D<0and -0.5 <D <0.

Let {X;}tez be a causal and invertible SARFIMA(p, d, q) X (P, D, Q)5 process given by the
equation (2.2). To give an expression for the autocovariance function 7, (+), let {Ut}iez
be a causal and stationary SARMA(P, Q)5 process as

o(B)U, = O(B%)¢;, fort € Z,
where {€; }+cz is a white noise process with zero mean and variance o2. Then,
U= Y B7(c)= > vi6 g
JEZ> JELs

where the coefficients v;’s are specified by the relationship

- 0(z°)
— . ~8) —

w(z) - Z 1/112 - (I)(Zs)v

JE€ZLy

for|z| < 1. (2.32)

By definition, the autocovariance function of {(} t }tez process, denoted by Vs (+), is given
by

7o (h) = Cov(Upn, Ur) = 3 D b, (h—sj+ sv),

j€Z> ’UEZ;

for all h € Z>. When h — sj + sv =0, one has j = % +wv. Then, v_(h) = 062,. Hence,

Ty (h) = 062. Z w%+v¢v.

’UEZ;

Let h = sv, for v € Z>. Then, one has

10



Ty (sv) = 052. Z Uyt Wy - (2.33)

UEZ;

If h = sv+ ¢ in equation (2.33), where ( € A, then Ve (sv + ¢) = 0. Therefore, the

autocovariance function of the process {UN't}tez is given by

052- Z %ﬂ;%, if h= SV, V& Z2;
OESE S (2.34)

0, ifth=sv+(, ¢ €A
Let {Z;}1cz be the process given by the expression

o(B%) ~
Zy = (MV}, for allt € Z,

with innovation process {‘Z}tez given by ‘N/t = (1 — B%)~Pe; (that is, {‘Z}tez is a SAR-
FIMA (0, D,0), process with innovation process {€f };cz, a white noise process with zero
mean and variance o2 = Var(e;)). Therefore,

_ OB Ly
Zt - (I)(BS) t — \I}<B )‘/;f
— Z W BY(V,) = Z ViVl o
JEZLy JE€EZL

where the coefficients 1;’s are given by the relationship (2.32).

Since {Z;}+cz is a causal and stationary process, from Proposition 3.1 of Section 3, the
autocovariance function of order h, h € Z3, is given by

Yo (h) = ok Y Y iy (h = s(j = v)). (2.35)

jEZ> ’UEZ;
Taking m = j — v in the expression (2.35), one has
v,(h) = ok Z Z @Z)mﬂ,wvva (h — sm). (2.36)
mGZ; ’UEZ;

Replacing equation (2.34) into (2.36), one has the autocovariance function of a SAR-
FIMA(P, D, Q)s process given by

o2, Z Ty (sm)’y‘7 (h—sm), if h=sm, m¢€ Zs;
v, (h) = mezs (2.37)
0, ifth=sm+¢{, (€A,
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where 02 = 02 /02, {&t}teZ is a seasonal SARMA(P, Q))s process, {XN/t}tGZ is a SARFI-
MA(0, D,0), process and {€; }1cz is a white noise process with zero mean and variance
2

e =
Let {Y:}iez be an ARFIMA(p, d, q) process (see item (3) of Remark 2.2). From Theorem
13.2.2 item (d) of Brockwell and Davis (1991), the autocovariance function of the process
{Yi}rez is given by

h) =02y v () (h=J), (2.38)
JEL

where {U, }4¢z is an ARMA (p, q) process with innovations as {€ }yez, {V ez is an ARFI-
MA(0,d,0) process with innovations given by {& }+cz and {;}icz is a white noise process
with zero mean and variance o2 = o2, /o?.

One can obtain the autocovariance function of a SARFIMA(p, d,q) x (P, D,Q)s process
by repeating the same method as for finding the autocovariance function of a SARFIMA
(P, D,Q)s process which is given by the expression (2.22), where {Z;};c7 is a SARFIMA
(P, D, (@), process with innovation process {€; }1ez, {Y:}iez is an ARFIMA(p, d, q) process
with innovation process as {eg}tez and {e}iez is a white noise process with zero mean
and variance o2 = o2 /o2

O]

3 Causality and Invertibility Properties

This section shows necessary and sufficient conditions for a SARFIMA(p, d, q) x (P, D,Q)s pro-
cess to be causal and invertible. First, the following theorem presents these conditions for the
causality property.

Theorem 3.1. Let {X;}iez be a SARFIMA(p,d, q) x (P,D,Q)s process (see Definition 2.2).
Suppose d < 0.5, D < 0.5 and that the equations ¢p(z)®(z°) = 0 and 0(z)O(z°) = 0 have no
common zeroes. Then, {X;}iez is causal if and only if ¢(2)P(2°) # 0, for all z € Z, such that
|z| < 1. The coefficients {1);}jez. of the infinite moving average representation are given by

S
= gy = o) 222; (1—2)%1—-2)"P |z <1 (3.1)
JELy
PROOF. Let {X;}1ez be a SARFIMA(p, d, q) x (P, D, Q)5 process, with zero mean, given by the
expression (2.1). First one needs to prove that if ¢(2)®(z°) # 0, for all z € Z, such that |z| < 1,
then the process is causal.

From Theorem 13.2.2 in Brockwell and Davis (1991), the ARFIMA(p, d, q) process is causal

when d < 0.5 if and only if ¢(z) # 0, for all |z| < 1. Therefore, one can rewrite the equation
(2.1), with B = z, as

0(z)(1—2z)~@
O(2*)(1-2)P X, = Q(ZS)WQ = d(2°)(1 - 2°)P X, = 0(z*)Y;, (3.2)
for all t € Z, so that {Y;}icz can be regarded as an ARFIMA (p,d,q) process. From Theorem

2.1 of Brietzke et al. (2005), the SARFIMA(0, D, 0), process is causal when D < 0.5. Thus, the
equation (3.2) can be rewritten as

12



B(2*) X, = 0(2°)(1 — 2°) LY, &= d(2)X; = ©(2%) 2, forall t € Z, (3.3)

where {Z; }1ez is a SARFIMA(0, D, 0), process.

To prove that the process in expression (3.3) is causal, first let us assume that ®(z°) # 0,
for all |z| < 1. Therefore, 1/®(2%) is an analytic function and it has a power series expansion.
Hence, there exists € > 0 such that

1 p—
d(z5)

Z 20 = €(2), for all 2] < 1 +e.
€L

Since the series converges for |z| < 1+, it also converges for |z| < 14 §. Therefore,
lim; o0 & (1 + %) = 0, that is, the sequence {fj (1 + g) }j€Z2 is bounded and it converges.
Moreover, there exists a finite constant K > 0 such that,

J —J
3 (1+ %) ‘ < K, that is, |§| < K (1 n %) , for all j € Zs.

In particular, one has
€

EIRYSY (1 + 7),]- < soand £(2)®(2*) = 1, for |2| < 1.

' ; 2
jEZ; j€Z>

From Proposition 3.1.2 in Brockwell and Davis (1991), one can apply the operator £(-) to
both sides of the expression (3.3) to obtain X; = &(B)O(B*)Z;. Thus one has the desired
representation,

Xy= )Y %, forall teZ,
j€ls
where the sequence {1;};ez. is specified by the relationship (3.1), whenp=0=gand d =0 =
D. Therefore, the process {X;}1ez is causal.

Now, we will show that if {X;}iez is causal then, ¢(2)®(2°) # 0, for all z € Z, such that
|z| < 1. It is enough to show that if the process given by the expression (3.3) is causal then,
®(2%) # 0, for all z € Z, such that |z| < 1. Let us assume that the process is causal, i.e.,
X; = ZjeZ> Vi Zs—j, for some sequence {¢;};ez. such that Z]EZ> |1j| < 0o. Then,

O(B%)Z; = ®(B°) X, = ®(B°) Y ¥;Zi—j = (B*)(B)Z. (3.4)

JEL

Let n(z) be ®(2")Y(2) = >_ ez n;27, for all |z| < 1. The expression (3.4) can be rewritten
as

Q
Z@th,Sl = Z T]th_j. (35)
=0 JEZLy

By taking the inner product in both sides of the equality (3.5) with Z;_g,, one has
Q
Z@lE(Zt—letfsu) = Z njE(ththfsu)y

1=0 jEZs

13



where Z; is normally distributed with zero mean and variance equal to 72, for any ¢ € Z. Thus,

Q sQ
72 Z 0, = 72277]-, (3.6)
v—=0 =0

j=st

with n; = 0, for all j > sQ and j # sl, ¢ € Z>. Considering v = j/s, in the right-hand side of
equation (3.6), one has

Q Q
Z G)l - va-
=0 v=0
Therefore,
0(2%) =n(z) = ®(2°)Y(z), for|z] < 1. (3.7)

jez. |¥jl < oo and ©(z°) # 0, for |2 < 1.
From expression (3.7) one concludes that ®(z°) cannot be zero, for any |z| < 1.

Since ©(-) and ®(-) have no common zeroes, »

O]

Lemma 3.1. Let {X;}iez be a causal SARFIMA(p,d, q) x (P, D,Q)s process (see Definition
2.2). Then, } ey ¢J2 < oo, where {Y;}jez. are given by the expression (3.1).

PROOF. From the causality property, there exists a sequence {t;};ez. such that > ., || <
oo and B

Xi= Y ey, for allt € Z,
JEL

where {&;}scz is a white noise process and {1} ez, are the coefficients given by the expression
(3.1). Since 3 ey [1hj| < oo, then 37,0y |j|> < 0o. Therefore, >jezs P2 < o0. O

The following proposition gives the mean square and the almost sure convergences for the
coefficients of the infinite moving average representation for a SARFIMA(p,d,q) x (P, D,Q)s
process. We used this result to obtain the autocovariance function for this process.

Proposition 3.1. Let {X;}icz be a causal and stationary SARFIMA (p, d, q) x (P, D, Q)s pro-
cess, given by the expression (2.1). Then, the series

V(Ber =Y UiBl(er) = ) vie, (3.8)

JEZ> JELs
converges absolutely with probability one and in the mean square sense to the same limit.
PROOF. Let {X;}iez be a causal and stationary SARFIMA(p, d, q) x (P, D,Q)s process. One
wants to show the mean square convergence of the series 1(B)es, for any ¢t € Z, where the

coefficients {1;} ez, are given by the expression (3.1). Let m, n be non negative integers, such
that m < n and define S, := Z;n:o jes—j. Then,

14



2 2

n m n
E Z YyEp_y — Z Yigr—j| =E Z Vjct—;
v=0 7=0

j=m+1

150 = S 17

= E Z 1/J€t]+ Z hybjer—ver—j 2052 Z T;Z)]Q7

j=m+1 v,j=m+1 j=m+1
V£

since {&;}+ez is a white noise process.

It is sufficient to show that Zue@ 1?2 < oco. Since {X;}ez is a causal and stationary process,
from Lemma 3.1, one has Zue@ 12 < o0o. Therefore, for all € > 0, there exists N(e) > 0
sufficiently large, such that Z;L:m 41 @b]? < ¢, for all n > m > N(e). By Cauchy criterion, the
series (3.8) converges in mean square sense.

From Cauchy-Schwarz inequality, E(|e;|?) = E(e;)? = 02 < oo, for all t € Z. Thus, E(|g]) <
00, for all t € Z, that is, supE(|e;|) < co. From the Monotone Convergence Theorem, one has

t

> Willesl | = lim ZW}] let—5| | = lim E ZWJ] et

jEZ; 7=0

hm Z\%]E lec—j]) < hm Z\%]san(]q\ =C < o0,

since dez> 9| < oo and sup, E(|e;|) < co. Therefore, ZjeZ> |9]|e¢—;] and EjeZ> Ve are
both finite with probability one.

Let S denote the mean square limit. Hence, given ¢ > 0, there exists N € N sufficiently
large, such that, for all n > N,

n n
H S - Z@Z)jgtfj ||2: E||S-— Z@Z)]’gt*j <€, that is,
— —

2

lim E (|S—Y te| | =0.
n—o00 =
Therefore, from Fatou’s lemma,
. 2
IS —vBet | = E(S—v(B)al’) =E |liminf |S — ) tjer;
§=0
. 2
< lminfE [ (S =) e, | =0,

showing that the limit S is equal to ¥(B)e; with probability one.
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Theorem 3.2. Let {X;}iez be a SARFIMA(p,d, q) x (P,D,Q)s process (see Definition 2.2).
Suppose d > —0.5, D > —0.5 and the equations ¢(z)®(2°) = 0 and 0(2)0O(z*) = 0 have no
common zeroes. Then, {X;}iez is invertible if and only if 0(2)O(2°) # 0, for all z € Z, such
that |z| < 1. The coefficients {7} ez, of the infinite autoregressive representation are given by

m(z) =) ml = mu — 21 =25P 2] < 1. (3.9)

JETs

PrROOF. We omit it. It can be obtained by following the same arguments as in Theorem 3.1.
O

Lemma 3.2. Let { X, }iez be an invertible SARFIMA (p, d, q) x (P, D, Q)s process (see Definition
2.2). Then, 3 ez 77]2 < oo, where {m;}jez. are the coefficients given by the expression (3.9).

ProoF. From the invertibility property, there exists a sequence {7;};ez. such that )
oo and

jEZ> ‘ﬂ-]| <
€ = g m; X¢—j, for allt € Z,
jELs
where {e;}1c7 is a white noise process and {m;};cz. are the coefficients given by expression

(3.9). Since Z]EZ> |7j| < oo, then ZjeZ> |7;|? < oo. Therefore, ZjeZ> 77]2 < 0. O

Proposition 3.2. Let {X;}icz be a stationary and invertible SARFIMA(p,d, q) x (P, D,Q)s
process (see Definition 2.2). Then, the series

T(B)X; = ), mB (X)) = ) miXe, (3.10)

jGZ; jEZ}

converges absolutely with probability one and in the mean square sense to the same limit.
PROOF. We omit it. It can be obtained by following similarly to the proof in Proposition 3.1.

Remark 3.1. We define the function
Sy (w) = fy(w)g(w), for0 < w < , (3.11)

where f, (-) is the spectral density function of a SARFIMA(0, d,0) x (0, D, 0)s process, given by
the expression (2.4), and g : [~m,7] — (0, 7] is a real slowly varying function at the seasonal
frequencies w; = 2%], j=0,1,---|s/2], in the Zygmund sense (see Zygmund, 1959) and it has
bounded variation on (0, 7] \ UJLS:/fJ [wj — €, wj + €, for any € > 0.

When g(w) = 1, for all w € (—m, 7], S, (-) is the spectral density function of a SARFIMA
(0,d,0) x (0,D,0)s process.
Theorem 3.3. Let {X;}iez be a real SARFIMA(0,d,0) x (0, D,0)s process with spectral density
function given by the expression (3.11). Then, the asymptotic expression for the autocovariance
function of {Xi} ez, of order h, h € Z>, when h — oo, is given by

1)
1
Zaj|h|2ﬁ-7_lg <h+wj> [sin(m3;—wjih)+o(1)], ifh = st, { € L,
7X(h): 3=0

0, if h=s0+(, ( €A,

(3.12)
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where

L%J —1, ifs is even, d+ D, if =0,
6= B; = (3.13)
1], if s is odd, D, if §#0,
Z(1-26;)s720 |2 sin(%) |2, if j A0,
aj=q (3.14)
Z=T(1—28;)s2P, if 5 =0,

with w; = 27” , for 5=0,1,---,|s/2] and g(-) given in Remark 3.1.

PrROOF. Let {X;}iez be a real SARFIMA(0,d,0) x (0, D,0)s process, whose spectral density
function is denoted by Sx(:) and it is given by (3.11). Let g(-) denote the spectral density
function of the innovation process. Therefore, by definition of the autocovariance function of a
SARFIMA(0,d,0)x (0, D,0)s process, v, (h) = 0, for h = s¢+(, with ( € A. The autocovariance
function of order h = s/, ¢ € Z> and s even, is given by

Yx(h) = [ S(A)cos(Ah)dA = 2/ S (A) cos(Ah)dA
—T 0
/20 =1 1y ls/2]-1
=2 Z/ S (A) cos(AR)dN = 2 Z / (w + wj) cos((w + wj)h)dw (3.15)
Ls/2]-1 w1 wy
=2 Z [cos W / « (w4 wj) cos(wh)dw + sin(w;h) [ Sy (w+ w;) sin(wh)dw|,
— wo wo
where w; = @, for j =0,1,---,|s/2]. The expression (3.15) follows immediately by consider-
ing A = w + wj.

From expression (2.4), from the asymptotic behavior of the spectral density function of a
SARFIMA(0,d,0) x (0,D,0)s process (see item (i) of Theorem 2.1), and from Lemma 2 in
Giraitis and Leipus (1995) with I(-) = g(-), one has
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vy (h) = LT [cos(woh)\m?(d”’“g @ + w0> I'(1—2(d + D)) x [sin(x(d + D))4o(1)]

™

—sin(woh)|h|?@HP) 14 <111 + wo> xI'(1 —2(d+ D))[cos(w(d+ D)) + 0(1)]]

o2 ls/2]—1

Je —2p Z ’2 sm( )’ X [COS(wjh”hPDlg (2 +wj> I'(1-2D)

x [sin(7D) 4 o(1)] — sin(w;h)|h|*P~1g (flz + wj> I'(1 — 2D)cos(mD) + o(1)]

0528—2D’h2(d+D)—19<;l_|_w0> ['(1-2(d+D))[sin(m(d+D)—woh)+o(1)]

7T
2 ls/2]—1 o9 1
9 4-2D Z ’2 sm(—)’ h|2D—1g (h + wj> (1 - 2D)
X [sin(wD — w]h) +o(1)], (3.16)

when h — oo.
The autocovariance function of order h = s, ¢ € Z> and s odd, is given by

ls/2]-1 ity .
> / (A cos(Ah)dA + 2 / S, (A) cos(Ah)dA
j=0 "%

Wis/2] -1

Yx (h) = 2/0%X(A) cos(Ah)dA=2

s2j1w %

= Sy (w4w;j) cos((w+w])h)dw+2/ Sy (wwig9)) cos((w+w s /21 ) h)du(3.17)

wo wo

ls/2]— ) w
= 22 [cos wjh / S (w+wj)cos(wh)dw—sin(wjh)/ Sy (w+wj) cos(wh)dw]

wo
: =
+2cos(w|sj2)h)| Sy (wHw|sa))cos(wh)dw—2sin(w s/2h)[ Sy (w+w|g/9))sin(wh)dw,

wo wo

(3.18)

with w; = 27” ,for j =0,1,---,|s/2]. The expression (3.17) follows immediately by considering
A =w+ wj.

From expression (2.4), from the asymptotic behavior of the spectral density function of a
SARFIMA(0,d,0) x (0,D,0)s process (see item (i) of Theorem 2.1), and from Lemma 2 in
Giraitis and Leipus (1995) with [(-) = g(-), one has
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vy (h) = (fsw [cos(woh)|h|2(d+D>*1g (i + w0> I'(1 — 2(d + D))[sin(n(d + D)) 4 o(1)]

—sin(woh)| k|24 "1y (2 + w0> ['(1 —2(d 4 D))[cos(n(d + D)) + 0(1)]}

2 [s/2]-1 _od
oz _ap ‘ (W ) avpzb-1, (L _
+-s Z: 2 s1n< 5 ) [cos(w]h)\h\ g <h +w; | I'(1 —-2D)

x[sin(7D) + o(1)] — sin(w;h)|h|*P g (;L + wj> I'(1 — 2D)[cos(mD) + 0(1)]}

2 —2d
Of 2D |g o (Pls/2] ap—1_ (1
+?€s ‘2 sm( 5 )‘ [cos(wLS/QJh)\h\ g (h + st/2J> I'(l1—-2D)

X [sin(7D) + o(1)] — sin(w/ /2| h)|h*P~1g (;L + st/2J> ['(1 —2D)[cos(mD) + 0(1)]}

_ (fS_QD‘hF(CH—D)_lg <f1L + wo) I'(1—2(d+ D))[sin(n(d + D) — woh) + o(1)]

2 ls/2]

O¢ .—2D (Wi ‘_Qd op—1 (1 , _ . o
+%s ; ‘2 sin(22)| IR ;| (1 = 2D) [sin(rD — w;h) +0(1)](3.19)

when h — oo.
Comparing equations (3.16) and (3.19), one has the asymptotic expression of the autocovari-
ance function of { X; };¢z of order h, for h € Z>, when h — oo, given by expressions (3.12)-(3.14).
O

The following proposition presents the asymptotic expression for the autocovariance function

of a SARFIMA (p,d, q) x (P,D,Q)s process.

Proposition 3.3. Let {X;}ez be a real SARFIMA (p,d, q) x (P,D,Q)s process, causal and
invertible, given by the expression (2.1), with p, P, q, Q and s finite and non negative integers.
Then, the asymptotic expression of the autocovariance function of {Xt}iez of order h, h € Zx,
when h — 00, is given by

§
N o 15 g wy) [sin(wB; —wih)+o(V)], if h = s, { € T,
Vx(h)={3=0 (3.20)

0, ifh=sl+(, (€A,

where o, B; and 6 are given, respectively, by equations (3.14) and (3.13), w; = %, for j =
0,1,---,1s/2] and
9(€fiw)@(efisw> 2

g(w) :== S (c—w) | - (3.21)
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PROOF. Let {X;}1ez be a SARFIMA(p, d, q) x (P, D, Q)5 process, with zero mean, given by the
expression (2.1). The real function g(-), defined by the expression (3.21), has bounded derivative.
One needs to proof that g(-) is a slowly varying function, for all 0 < w < 7, such that g(w) # 0.
By Binghan et al. (1987), a sufficient condition for a function f(-) be slowly varying at w = 0,
in Zygmund’s sense, is the existence of its derivative such that

/
lim wf(w)
w=0  f(w)
Since the process is causal and invertible (see Theorems 3.1 and 3.2, respectively), one has
g(w) #0, for all 0 < w < 7.

=0.

Therefore,

In(g(w)) = In|0(e™™) > +In|0(e~*)|? — In|p(e” ™) > — In |D(e "W). (3.22)
By definition, g (w) = g(w)[n(g(w))]" (3.23)
From equation (2.27), one has In |f(e~*)|? equal to

q 2

H (1 - pm,le_iw)

m=1

In

1-

In (1—2,0m’1 cos(w)—i—p?n’l) . (3.24)

Therefore,

, 4 2 i
foe )Py = 30 L ) <1

=t (1-2p,,, cos(w)+72,,)

Similarly, one can rewrite the others polynomials and, by equation (3.21), the expression
(3.23) can be given by

2 q . .
2 sin(w 2sp, . sin(sw
% [ P ( ) + j : pz,s ( )
m=1 (1_2pm,1 COS(w)+p?n71> =1 (1_2pz,3 COS(Sw)+p%3>

b 2p, , sin(w) P 2sp, , sin(sw)

(3.25)

=1 (1_2Pz,2 COS(U’)"‘PZQ) r=1 (1—2pm4 COS(Sw)+p34>

From equation (3.23), to verify if g(-) is a slowly varying function for all w € (0, 7], such that
g(w) # 0, one needs to prove that lim,,_ow[ln(g(w))]" = 0. First, one observes that

- 2p,., sin(w) - 2p,., sin(w)
lim =0=lim > : (3.26)
w—0 ot <1_2pr7b COS(U})‘FP?,L) w—m (1—2pr7b COS(ZU)‘sz’L)

where u is fixed and (1—pm)2 # 0, for |p,,| <1and e {l,---,4}. The left-hand side of the
equality in expression (3.26) implies that the four terms inside the brackets in expression (3.25)
go to zero. This shows that g(w) is a slowly varying function at w = 0. Now, one needs to verify
if g(w) is a slowly varying function at w € (0, 7|. For this, one needs to show that

: '~ gy Y9 W) _
ul}lir%rw In(g(w))] = ul}_w o(w) 0. (3.27)
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Note also, in a similar way, that the right-hand side of the equality in expression (3.26)
implies g(+) is a slowly varying function at w € (0, 7], such that g(w) # 0.

One needs to verify if g(-) is of bounded variation at (0,7]. Let 0 < zg <z < -+ <z <7
be a partition of the interval (0, 7]. Then,

k k
Z g(xj-1) Z (lg(z)] + lg(zj-1)]) < oo, (3.28)

since g(w) is bounded for all w e (0,7]. Thus, g(-) is of bounded variation at the interval (0, 7.
As limy 0 g ( ) , from Theorem 3.3, one has the asymptotic expression of the
autocovariance function for a SARFIMA(p, d,q) x (P, D,Q)s process given by expression (3.20),

where ¢g(-) is given by (3.21).
O

4 FErgodicity Property

In this section we analyze the ergodicity of a SARFIMA(p,d, q) x (P, D,Q)s process.

Theorem 4.1. Let {X;}1ez be a fractionally integrated ARMA process, as in item (3) of Remark
2.2, with mean p = 0, where {4 }iez is a white noise process. If {Xi}hez is a stationary and
causal process then, it is ergodic.

ProOF. Let {X;}1ez be a fractionally integrated ARMA process with p = 0. From causality
one has

Xi= > thejy, for allt € Z,
JEZs

where {1 }jez> are the infinite moving average representation coefficients of the process.
From Durrett (1996) (see Theorem 1.3 in Chapter 6), one needs to prove that >, %2' < 0.
Since { X}z is a causal and stationary process, one has

1x(0) =E(X7) =02 ) ¢F < oo,

JELS

that is, ZjeZ; wjz < 0. Therefore, the process {X;}+cz is ergodic. -
Corollary 4.1 presents the ergodicity for a SARFIMA(p, d, q) x(P, D, Q)s process.

Corollary 4.1. Let {X,;}icz be a causal and stationary SARFIMA(p,d, q) x (P, D,Q)s process
(see Definition 2.2). Then, {X;}iez is an ergodic process.

Remark 4.1. Since the series > jezs 1j < 0o and the coefficients ;s are positive real numbers

then, Zj€Z> wjz < o0o. Therefore, a SARFIMA(p,d, q) x (P,D,Q)s process is stationary and
ergodic.

Remark 4.2. The ergodicity of a SARFIMA(p, d, q)x (P, D, Q)s process is very important for the
purpose of Monte Carlos’s simulation. For an extensive Monte Carlo’s simulation study, where
several estimation procedures are presented for all parameters of a SARFIMA(p,d,q) x (P, D,Q)s
process, see Bisognin and Lopes (2008). This companion paper, to be published elsewhere, also
presents forecasting and an interesting application for this process.
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5 Conclusions

In this paper we give several theoretical properties of SARFIMA (p, d, q) x (P, D, Q)s processes.
We show the spectral density function and its behavior near the seasonal frequencies, the sta-
tionarity, the intermediate and long memory properties and the autocovariance function and its
asymptotic expression. We also analyze the ergodicity, causality and invertibility conditions for
these processes.
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