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Regras Gerais:

� Não é permitido o uso de calculadoras, telefones ou qualquer outro recurso
computacional ou de comunicação.

� Trabalhe individualmente e sem uso de material de consulta além do fornecido.

� Devolva o caderno de questões preenchido ao final da prova.

Regras para as questões abertas:

� Seja sucinto, completo e claro.

� Justifique todo procedimento usado.

� Indique identidades matemáticas usadas, em especial, itens da tabela.

� Use notação matemática consistente.

Identidades:

sen(x) =
eix − e−ix

2i
cos(x) =

eix + e−ix

2

senh(x) =
ex − e−x

2
cosh(x) =

ex + e−x

2

(a + b)n =
∞
∑

j=0

(n

j

)

an−jbj ,
(n

j

)

=
n!

j!(n− j)!

sen(x+ y) = sen(x) cos(y) + sen(y) cos(x)

cos(x+ y) = cos(x) cos(y) − sen(x) sen(y)

Propriedades:

1 Linearidade L{αf(t) + βg(t)} = αL{f(t)} + βL{g(t)}

2 Transformada

da derivada

L
{

f ′(t)
}

= sL{f(t)} − f(0)

L
{

f ′′(t)
}

= s2L{f(t)} − sf(0) − f ′(0)

3 Deslocamento

no eixo s

L
{

eatf(t)
}

= F (s− a)

4 Deslocamento

no eixo t

L{u(t− a)f(t − a)} = e−asF (s)

L{u(t− a)} =
e−as

s

5 Transformada

da integral

L
{∫ t

0

f(τ)dτ

}

=
F (s)

s

6 Filtragem da

Delta de Dirac

∫ ∞

−∞
f(t)δ(t − a)dt = f(a)

7 Transformada da

Delta de Dirac

L{δ(t − a)} = e−as

8 Teorema da

Convolução

L{(f ∗ g)(t)} = F (s)G(s),

onde (f ∗ g)(t) =

∫ t

0

f(τ)g(t − τ)dτ

9 Transformada de

funções periódicas

L{f(t)} =
1

1− e−sT

∫ T

0

e−sτf(τ)dτ

10 Derivada da

transformada

L{tf(t)} = −dF (s)

ds

11 Integral da

transformada

L
{

f(t)

t

}

=

∫ ∞

s

F (ŝ)ŝ

Séries:

1

1− x
=

∞
∑

n=0

xn = 1 + x+ x2 + x3 · · · , −1 < x < 1

x

(1 − x)2
=

∞
∑

n=1

nxn = x+ 2x2 + 3x3 + · · · , −1 < x < 1

ex =
∞
∑

n=0

xn

n!
= 1 + x+

x2

2!
+

x3

3!
+ · · · , −∞ < x < ∞

ln(1 + x) =
∞
∑

n=0

(−1)n
xn+1

n+ 1
, −1 < x < 1

arctan(x) =
∞
∑

n=0

(−1)n
x2n+1

2n+ 1
, −1 < x < 1

sen(x) =
∞
∑

n=0

(−1)n
x2n+1

(2n + 1)!
, −∞ < x < ∞

cos(x) =
∞
∑

n=0

(−1)n
x2n

(2n)!
, −∞ < x < ∞

senh(x) =
∞
∑

n=0

x2n+1

(2n+ 1)!
, −∞ < x < ∞

cosh(x) =
∞
∑

n=0

x2n

(2n)!
, −∞ < x < ∞

(1 + x)m = 1 +
∞
∑

n=1

m(m − 1) · · · (m− n+ 1)

n!
xn,

−1 < x < 1, m 6= 0, 1, 2, ...

Funções especiais:

Função Gamma Γ(k) =

∫ ∞

0

xk−1e−xdx

Propriedade da
Função Gamma

Γ(k + 1) = kΓ(k), k > 0
Γ(n+ 1) = n!, n ∈ N

Função de Bessel
modificada de ordem ν

Iν(x) =
∞
∑

m=0

1

m!Γ(m + ν + 1)

(x

2

)2m+ν

Função de Bessel
de ordem 0

J0(x) =
∞
∑

m=0

(−1)m

m!2

(x

2

)2m

Integral seno Si (t) =

∫ t

0

sen(x)

x
dx

Integrais:
∫

xeλx dx =
eλx

λ2
(λx− 1) + C

∫

x2eλx dx = eλx
(

x2

λ
− 2x

λ2
+

2

λ3

)

+ C

∫

xneλx dx =
1

λ
xneλx − n

λ

∫

xn−1eλxdx+ C

∫

x cos (λx) dx =
cos (λx) + λx sen (λx)

λ2
+ C

∫

x sen (λx) dx =
sen (λx)− λx cos (λx)

λ2
+ C

∫

eλx sen (wx) dx =
eλ x (λ sen (wx)− w cos (wx))

λ2 +w2



Tabela de transformadas de Laplace:

F (s) = L{f(t)} f(t) = L−1{F (s)}

1
1

s
1

2
1

s2
t

3
1

sn
, (n = 1, 2, 3, ...)

tn−1

(n− 1)!

4
1√
s
,

1√
πt

5
1

s
3
2

, 2

√

t

π

6
1

sk
, (k > 0)

tk−1

Γ(k)

7
1

s− a
eat

8
1

(s− a)2
teat

9
1

(s− a)n
, (n = 1, 2, 3...)

1

(n− 1)!
tn−1eat

10
1

(s− a)k
, (k > 0)

1

Γ(k)
tk−1eat

11
1

(s− a)(s − b)
, (a 6= b)

1

a− b

(

eat − ebt
)

12
s

(s− a)(s − b)
, (a 6= b)

1

a − b

(

aeat − bebt
)

13
1

s2 +w2

1

w
sen(wt)

14
s

s2 +w2
cos(wt)

15
1

s2 − a2
1

a
senh(at)

16
s

s2 − a2
cosh(at)

17
1

(s− a)2 + w2

1

w
eat sen(wt)

18
s− a

(s− a)2 + w2
eat cos(wt)

19
1

s(s2 + w2)

1

w2
(1 − cos(wt))

20
1

s2(s2 + w2)

1

w3
(wt− sen(wt))

21
1

(s2 + w2)2
1

2w3
(sen(wt)− wt cos(wt))

22
s

(s2 + w2)2
t

2w
sen(wt)

23
s2

(s2 + w2)2
1

2w
(sen(wt) + wt cos(wt))

24

s

(s2 + a2)(s2 + b2)
,

(a2 6= b2)

1

b2 − a2
(cos(at) − cos(bt))

25
1

(s4 + 4a4)

1

4a3
[sen(at) cosh(at)−

− cos(at) senh(at)]

26
s

(s4 + 4a4)

1

2a2
sen(at) senh(at))

27
1

(s4 − a4)

1

2a3
(senh(at) − sen(at))

28
s

(s4 − a4)

1

2a2
(cosh(at) − cos(at))

F (s) = L{f(t)} f(t) = L−1{F (s)}

29
√
s− a−

√
s− b

1

2
√
πt3

(ebt − eat)

30
1√

s+ a
√
s+ b

e
−(a+b)t

2 I0

(

a− b

2
t

)

31
1√

s2 + a2
J0(at)

32
s

(s− a)
3
2

1√
πt

eat(1 + 2at)

33
1

(s2 − a2)k
, (k > 0)

√
π

Γ(k)

(

t

2a

)k− 1
2

I
k− 1

2
(at)

34
1

s
e−

k

s , (k > 0) J0(2
√
kt)

35
1√
s
e−

k

s

1√
πt

cos(2
√
kt)

36
1

s
3
2

e
k

s

1√
πt

senh(2
√
kt)

37 e−k
√
s, (k > 0)

k

2
√
πt3

e−
k
2

4t

38
1

s
ln(s) − ln(t) − γ, (γ ≈ 0, 5772)

39 ln

(

s− a

s− b

)

1

t

(

ebt − eat
)

40 ln

(

s2 + w2

s2

)

2

t
(1− cos(wt))

41 ln

(

s2 − a2

s2

)

2

t
(1− cosh(at))

42 tan−1
(w

s

) 1

t
sen(wt)

43
1

s
cot−1(s) Si (t)

44
1

s
tanh

(as

2

)

Onda quadrada

f(t) =

{

1, 0 < t < a

−1, a < t < 2a

f(t + 2a) = f(t), t > 0

45
1

as2
tanh

(as

2

)

Onda triangular

f(t) =











t

a
, 0 < t < a

− t

a
+ 2, a < t < 2a

f(t+ 2a) = f(t), t > 0

46
w

(s2 +w2)
(

1− e−
π

w
s
)

Retificador de meia onda

f(t) =















sen(wt), 0 < t <
π

w

0,
π

w
< t <

2π

w

f

(

t+
2π

w

)

= f(t), t > 0

47
w

s2 +w2
coth

( πs

2w

)
Retificador de onda completa

f(t) = | sen(wt)|

48
1

as2
− e−as

s (1− e−as)

Onda dente de serra

f(t) =
t

a
, 0 < t < a

f(t) = f(t − a), t > a



• Questão 1 Considere y(t) tal que

{

y′ + 3y = 6, t > 0
y(0) = 1

e sua transformada de Laplace Y (s).

É correto: (0.8pt)

( ) Y (s) =
6

s(s+ 3)

( ) Y (s) =
s− 6

s(s+ 3)

( ) Y (s) =
s+ 6

s(s+ 3)

( ) Y (s) =
6

s+ 3

( ) nenhuma das anteriores

É correto: (0.8pt)

( ) y(t) = 2− e−3t

( ) y(t) = 2− 2e−3t

( ) y(t) = 6e−3t

( ) y(t) = 2− 3e−3t

( ) nenhuma das anteriores

• Questão 2 Considere y(t) tal que

{

y′ + 2y = et, t > 0
y(0) = 2

e sua transformada de Laplace Y (s).

É correto: (0.8pt)

( ) Y (s) =
2s− 1

(s+ 2)(s− 1)

( ) Y (s) =
1

(s+ 2)(s− 1)

( ) Y (s) =
3− 2s

(s+ 2)(s− 1)

( ) Y (s) =
2s+ 3

(s+ 2)(s+ 1)

( ) nenhuma das anteriores

É correto: (0.8pt)

( ) y(t) =
7

3
e−2t

−

1

3
et

( ) y(t) = −

1

3
e−2t +

1

3
et

( ) y(t) = −

7

3
e−2t +

1

3
et

( ) y(t) = e−2t + e−t

( ) nenhuma das anteriores

• Questão 3 Seja y(t) tal que

{

y′′ + 3y′ + 2y = 2e−t, t > 0
y(0) = 1, y′(0) = −1

e sua transformada de Laplace Y (s).

É correto: (0.8pt)

( ) Y (s) =
2

(s+ 1)2(s+ 2)

( ) Y (s) =
1

s+ 1
+

2

(s+ 1)2(s+ 2)

( ) Y (s) =
2− s

(s+ 1)(s+ 2)
+

2

(s+ 1)2(s+ 2)

( ) Y (s) =
4 + s

(s+ 1)(s+ 2)
+

2

(s− 1)(s+ 1)(s+ 2)

( ) nenhuma das anteriores

É correto: (0.8pt)

( ) y(t) = −2e−t + 2te−t + 2e−2t

( ) y(t) = 3e−t
− 4e−2t + 2te−t

( ) y(t) = 2e−t
−

4

3
e−2t + 3et

( ) y(t) = −e−t + 2te−t + 2e−2t

( ) nenhuma das anteriores



• Questão 4 Considere as funções f(t) = e−2t
− e−3t , h(t) = u(t− 2)f(t), g(t) = δ(t− 1)f(t), e as

respectivas transformadas de Laplace F (s) , H(s) e G(s).

É correto: (0.6pt)

( ) H(s) =
e−2s

s+ 2
−

e−3s

s+ 3

( ) H(s) = e−2s e−4

s+ 2
− e−3s e−6

s+ 3

( ) H(s) = e−2s e
−4

s
− e−3s e

−6

s

( ) H(s) = −2
e−2s

s + 2
+ 3

e−3s

s+ 3

( ) nenhuma das anteriores

É correto: (0.6pt)

( ) G(s) = e−2
− e−3

( ) G(s) = e−2s
− e−3s

( ) G(s) = e−s−2
− e−s−3

( ) G(s) = es−2
− es−3

( ) nenhuma das anteriores

• Questão 5 (2.0 pontos) Resolva a seguinte equação integro-diferencial:














f ′′(t) + 2f ′(t) + 2f(t) + 4

∫ t

0

f(τ)dτ = 1− 3e−2t,

f(0) = 0,
f ′(0) = 1.



• Questão 6 Considere o seguinte problema de valor inicial:
{

x′(t) = −2x(t) + y(t), t > 0
y′(t) = αx(t)− 2y(t)

com x(0) = 0 e y(0) = 3, onde α é uma constante real.
(i)(1.0pt) Obtenha condições sobre α que correspondam ao tipos de amortecimento: sub-amortecido,

criticamente amortecido e super-amortecido.
(ii)(1.0pt) Ilustre cada um dos casos descritos na parte (i) escolhendo valores espećıficos para α e

obtendo as respectivas soluções x(t) e y(t).
Bom Trabalho


