A New Block Algorithm for Solving the Sylvester-observer Equation.

João Carvalho^1 , email: carvalho@math.niu.edu Karabi Datta, email: dattak@math.niu.edu Yoopyo Hong , email: hong@math.niu.edu Department of Mathematical Sciences Northern Illinois University DeKalb, IL 60115

Abstract

A new block algorithm for computing a full rank solution of the Sylvester-observer equation is proposed. The algorithm is structure preserving and rich in BLAS-3 computations and thus suitable for high performance computing. Furthermore, the results on numerical experiments on benchmark examples show that the algorithm has better accuracy than that of some of the existing block algorithms for this problem.

1 Introduction

Consider the matrix equation XA − F X = GC (1) where

• matrices A ∈ R^{n×n} , C ∈ R^{r×n} and a selfconjugate set S ∈ C^{n−r} are given such that (A, C) is observable and Ω(A) ⋂ S = ∅ .

Here Ω(M) denotes the spectrum set of a matrix M.

• matrices X ∈ R^{s×n} , F ∈ R^{s×s} and G ∈ R^{s×r} are to be found such that X has full rank , Ω(F ) = S and (F, G) is a controllable pair.

A well-known method for solving the Sylvesterobserver equation, based on the observer Hessenberg decomposition of the observable pair (A, C)

1Author partially supported by Brazilian Capes and NSF grant ECS-0074411.

is due to Van Dooren [14]. The method is recursive in nature and compute the solution matrix X and the matrices F and G recursively, one row or column at a time.

Recently three block algorithms (see [1, 3, 5]) have been proposed this problem. These block algorithms are rich in matrix-matrix computations and therefore suitable for high-performance computing [7].

In this paper, we present another block algorithm. This new algorithm seems to be more accurate than some of the block algorithms mentioned above and is generated to give a full-rank solution X with a triangular structure. This structure can be exploited in solving the system (3).

The problem of solving (1) arises in the construction of reduced order Observers (see [11] ) for the linear system

ẋ(t) = Ax(t) + Du(t) (2) y(t) = Cx(t) in the context of State Estimation. Once a solution triple (X, F, G) is computed, then an estimate x̂(t) to the state vector x(t) can be computed by solving the following algebraic system of equations (see [11, 12] ): [ C X ] x̂(t) = [ y(t) z(t) ] . (3)

Here z(t) is a solution of ż(t) = F z(t) + Gy(t) + XDu(t) (4) where it is assumed that we have measured the output y(t) for a given input u(t) in some large time interval.

2 A New Block Algorithm

We propose to solve (1) by imposing some structure on the right hand side of the equation. This means that ( like in the SVD-based method [5] ) no reduction is imposed on the system matrix. Being more specific, we will construct a solution of XA − F X = R (5) satisfying Ω(F ) = S for some matrix R , to be constructed , for which we are sure to be able to solve GC = R for G ∈ R^{s×r} later. As the solution X is being computed, a Householder-QR [8] based strategy will reshape it so that at the end of the process X is a full-rank upper triangular matrix.

First, we investigate the solution of GC = R for G. Assume C has full rank r and let C = R_cQ_c be the skinny RQ factorization of C (here Q_c ∈ R^{r×n} and R_c ∈ R^{r×r} ) (see [8]). If we choose

R = N_1 N_2 . . . N_p Q^c (6)

, where N_i ∈ R^{ni ×r}, i = 1, . . . , p, and n_1 + n_2 + . . . + n_p = s, then we can find a solution G ∈ R^{s×r} of GC = R where G_iR_c = N_i, i = 1, . . . , p and

G = G_1 G_2 . . . G_p . (7)

In particular, the choice N_1 = I_r ensures that rank(R) = rank(C) = r. Second, we partition

X = X_1 . . . X_p , F = F_{11} F_{12} F_{22} F_{p1} F_{p,p−1} F_{pp} . (8) Substituting (6) and (8) into (5) and equating corresponding blocks on the right and left hand sides of (5), we obtain

X_1A − F_{11}X_1 = N_1Q_c (9)

X_iA − F_{ii}X_i = N_iQ_c + i−1∑ j=1 F_{ij} X_j , i = 2, . . . , p.(10)

Therefore, as long as the elements of the given vector S can be successfully distributed in selfconjugate groups S_i ∈ C^{ni} , i = 1, . . . , p, to be assigned as eigenvalues of the block matrices F_{ii}, i = 1, . . . , p, we are able to construct matrices X, F and G from their blocks computed recursively using (9) and (10).

After each sub-matrix X_i of the solution X has been computed, an orthogonal transformation is applied such that the upper triangular structure is created. This upper triangular structure can be exploited in solving the system (3).

Therefore, a step-by-step QR factorization will implicitly be performed on the matrix X. Assume that in the i−th stage of this process all the blocks X_j , j = 1, . . . , i − 1 form an upper triangular matrix and that the block X_i has just been computed. Placing X_i in the bottom of this matrix of X_j ’s gives an augmented matrix like

X_1 . . . X_{i−1} X_i =

∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ . . . . . . ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ . . . . . . ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ which can be reduced to an upper triangular form by orthogonal transformation applied to the its rows, that is, via left multiplication by a sequence of Householder matrices, for instance. This means that, after the reduction process, the matrices X_1, . . . , X_{i−1} will also be updated by

X^{new}_i = Q^T_i X_i, i = 1, 2, . . .

where Q_i is an orthogonal matrix. The matrix equation

X_1 . . . X_{i−1} X_i A − F^i X_1 . . . X_{i−1} X_i = G_1 . . . G_{i−1} G_i C (11) where

F^i =

F_{11} . . . F_{1,i−1} 0 . . . . . . . . . 0 F_{i−1,1} F_{i−1,i−1} 0 F_{i1} . . . . . . F_{ii} (12)

is also updated at the same time as follows:

Q^T_i X_1 . . . X_{i−1} X_i A − Q^{Ti} F^iQ^i · Q^{Ti} X_1 . . . X_{i−1} X_i =

Q^T_i G_1 . . . G_{i−1} G_i C

and X_1 . . . X_{i−1} X_i

new A−(F^i)^{new} X_1 . . . X_{i−1} X_i

new = G_1 . . . G_{i−1} G_i

new C (13) meaning that it is possible to update the solution matrices, at every step of the orthogonal reduction, simply by computing

(F^i)^{new} = Q^T_i F^iQ_i (14) G_1 . . . G_{i−1} G_i

new = Q^T_i G_1 . . . G_{i−1} G_i . (15)

3 An algorithm for solving XA − F X − GC

Based on the above discussion, the following algorithm for the Sylvester-observer equation is proposed.

Input: Matrices A ∈ R^{n×n} and C ∈ R^{r×n} such that (A, C) is observable and C has full rank. Selfconjugate vector S ∈ C^{n−r} such that S ⋂ Ω(A) = ∅. Output: Matrices X ∈ R^{n−r×n} upper triangular, F ∈ R^{(n−r)×(n−r)} and G ∈ R^{(n−r)×r} such that XA − F X = GC and Ω(F ) = S .

Step 1: Let l = r, N_1 = I_{r×r}.

Step 2: Compute the thin RQ factorization of C : R_cQ_c = C where Q_c ∈ R^{r×n} and R_c ∈ R^{r×r} .

Step 3: For i = 1, 2, . . . do

Step 4: Set S_i be the next self-conjugate subset of S having l elements.

Step 5: Set F_{ii} ∈ R^{l×l} to be any matrix in upper Real Schur form verifying Ω(F_{ii}) = S_i.

Step 6: Free assignment step. If i > 1 set N_i ∈ R^{l×si} and F_{ij} ∈ R^{l×sj} , j = 1, . . . , i − 1 to be arbitrary matrices.

Step 7: Solve the Sylvester equation

X_iA − F_{ii}X_i = N_iQ_c + i−1∑ j=1 F_{ij} X_j (16)

for X_i ∈ R^{l×n} .

Step 8: Set n_i to be the number of rows of X_i that are linearly independent of the rows of the

matrix

X_1 . . . X_{i−1} .

If n_i < l then set l = n_i , restore S_i to S and do Steps 4 - 8 again.

Else, set l = n_i.

Step 9: Find, implicitly, an orthogonal matrix Q_i that reduces the matrix X_1 . . . X_{i−1} X_i to upper triangular form via left multiplication by Q^T_i . Then compute the updates

X_1 . . . X_{i−1} X_i ← Q^{Ti} X_1 . . . X_{i−1} X_i , G_1 . . . G_{i−1} G_i ← Q^{Ti} G_1 . . . G_{i−1} N_iR^{−1}_c ,

F^i = Q^T_i F^iQ_i

Step 10: If n_1 + . . . + n_i = s then let p = i and exit loop.

End For

Step 11: Form matrices X, F and G from their blocks computed above.

Remarks:

1. Some compatibility between the structure of the vector S and the parameters n_i, i = 1, . . . , p is required so that Step 4 is always possible to be accomplished.

2. In Step 6, a random number generator can be used. It is also possible to exploit the freedom to assign F_{ij} to facilitate the solution of the Sylvester equation in Step 7, specially if A is large and sparse, situation in which iterative procedures are almost unavoidable.

3. If matrix A is small and dense, an orthogonal similarity reduction A ← P^T AP, C ← CP can be used so to bring Hessenberg structure to matrix A. This allows Step 7 to be computed efficiently so that the whole algorithm requires order n^3 flops. If (X_h, F, G) is the solution of this reduced problem, X = X_hP^T recovers the solution of the original problem.

4. The algorithm is rich in BLAS-3 computations and thus is suitable for highperformance computing using LAPACK [7].

4 Conclusion

A new block algorithm for solving the Sylvesterobserver equation is proposed. The algorithm does not require the reduction of the system matrix A as long as the solution of small sized standard Sylvester equations do not required this reduction. This algorithm is well-suited for high-performance implementation using LAPACK and it seems to be accurate compared with similar ones; numerical stability properties have not been studied yet.

References [1] C. Bischof, B. Datta and A. Purkayastha, A parallel algorithm for the Sylvester observer equation, SIAM J. Sci. Comp., 17, 686-698, 1996.

[2] D. Calvetti, B.Lewis and L. Reichel,On the solution of large Sylvester-observer equation, Num. Lin. Alg. Appl. 8 nr. 6-7, 435-452, 2001. in 2001 ). [3] J.B.Carvalho and B.N.Datta, A New Block Algorithm for the Sylvester- observer Equation Arising in State-estimation. Proc. IEEE International Conference on Decision and Control, Orlando , pp 3398-3403, 2001. [4] B.N. Datta and Y.Saad, Arnoldi methods for large Sylvester-like observer matrix equations, and an associated algorithm for partial spectrum assignment, Linear Algebra Appl. 154/156(1991),pp. 225-244. [5] B.N. Datta and D. Sarkissian, Block algorithms for state estimation and functional observers, Proc. IEEE International Symposium on Computer-Aided Control System Design, Anchorage, Alaska, Sept. 25- 27, 2000, pp. 19-23.

[6] Karabi Datta, The Matrix Equation AX −XB = R and its Applications. Lin.Alg.Appl, 109 , 91-105, 1988.

[7] Dongara et al. Numerical Linear Algebra for High Performance Computers , SIAM press, 1995. [8] G. Golub, C. Van Loan,Matrix Computations, 3rd. ed., Johns Hopkins Univ. Press, 1996. [9] G.Golub, S.Nash and C.Van Loan,A Hessenberg- Schur method for the problem AX + XB = C, IEEE Trans. Automat. Contr. vol AC-24,1979, pp. 909-913. [10] N.J. Highan, The Test Matrix Toolbox for Matlab (version 3.0). Numerical Analysis Report 276, Sept 95, Manchester Centre for Comput. Mathematics, Univ. of Manchester, UK.

[11] D. Luenberger, Observing the state of a linear system. IEEE Trans. Mil. Electr. 8 (1964), 74-80. [12] D. Luenberger,Observers for multivariable systems, IEEE Trans. Automat. Contr. vol AC-11, 1966, pp. 190-197.

[13] E.DeSouza , S.P. Bhattacharyya, Controllability, observability and the solution of AX − XB = C, Lin. Alg. Appl. 39(1981), pp. 167-188.

[14] P. Van Dooren, Reduced order observers: A new algorithm and proof, Systems Control Lett. 4(1984), pp. 243-251.

p. 4