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ABSTRACT. Recently, Wu and Xia [Proc. Amer. Math. Soc. 151 (2023), 4389-
4403] presented a characterization of nonuniform exponential dichotomy via
admissibility for difference equations. They have improved previously known
results by removing the use of Lyapunov norms and the assumption of bounded
growth of the system. However, they have restricted their attention to the
case of finite dimensional and invertible dynamics. In the present work we go
one step further and extend their results to the case of possibly noninvertible
and infinite dimensional dynamical systems. We emphasize that our method
of proof is different and significantly simpler than the one presented in the
aforementioned work.

1. INTRODUCTION

Let (X,]-|) be an arbitrary Banach space. Given a nonautonomous dynamical
system

Tp+1 = ApZn, n€EJ, (1)

where A,: X — X, n € J, are bounded linear maps and J € {Z,Z*,Z~} with

7+ =7ZN|0,+o0) and Z~ = ZN(—0o0, 0], for m,n € J, let us consider the evolution

operator associated to (1) which is given by
B(m,n) = Ap_1---A, form >n;
Id for m = n,

where Id denotes the identity operator on X. We say that (1) admits a nonuniform
exponential dichotomy (NED, for short) if the following conditions are satisfied:

(1) there exists a family of projections P,, n € J, such that
AnPn = n+1An; (2)

(2) Anlkerp,: KerP, — KerP, ;1 is an invertible operator for each n € J;
(3) there exist D >0, 0 < a < 1 and ¢ > 1 such that

|®(m,n)P,| < Da™ "™ for m >n (3)
and
|®(m,n)(Id — P,)| < Da" ™"l form <n (4)
where
®(m,n) = (q)(n,m)|K6Tpm)_1: KerP, — KerP,,,
for m < n.
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We note that in the particular case when € = 1, we recover the classical concept of
(uniform) exponential dichotomy.

The notion of NED along with its counterpart in smooth dynamics known as
nonuniform hyperbolicity is ubiquitous in dynamical systems (see for instance [6,
7]). On the other hand, in general, it may be very difficult to verify directly
if a system admits a NED. Therefore, an important problem is to find different
characterizations of this property.

In this paper we will turn our attention to the problem of characterizing NED in
terms of the admissibility of certain pairs of Banach spaces. We say that the pair
(Y, Z) is (properly) admissible for Eq. (1), where Y and Z are subspaces of X7, if
for every sequence (yn)nes in Y there exists a (unique) sequence (2, )nes in Z such
that

Tpy1 = AnTp + Yng1, foralln e J

We emphasize that the characterizations of uniform asymptotic behaviours (uni-
form exponential stability or dichotomy) of continuous and discrete dynamical sys-
tems in terms of admissibility have a long history that goes back to the pioneer-
ing works of Perron [23] and Li [17]. These were followed by seminal contribu-
tions of Massera and Schéffer [18, 19], Coffman and Schéffer [8], Dalec’kil and
Krein [10], Coppel [9] and Henry [13]. For more recent contributions, we refer
to [14, 15, 16, 21, 22, 24, 26] and references therein. Finally, for a comprehensive
overview of this line of research we refer to the book [5].

The first characterizations of NED’s via admissibility relied on the use of the so-
called Lyapunov norms which transform nonuniform behaviour into a uniform one
(see [2, 3,4, 31]). For earlier work which was concerned with some different concepts
of nonuniform dichotomies we refer to [20, 25, 28]. On the other hand, we stress
that Lyapunov norms are difficult to construct without knowing that our dynamics
exhibits nonuniform exponential behaviour, and consequently it was natural to
explore the relationship between nonuniform behaviour and admissibility avoiding
the use of such norms. In this direction, Zhou and Zhang [30] obtained a complete
description of NED’s using admissibility of two pairs of weighted sequence spaces.
We stress that the results in [30] deal with the case when coefficients A,, in (1) are
invertible linear operators on X = R?. Moreover, it was assumed that (1) exhibits
the so-called bounded growth property (see [30, (2.3)]). In the recent work [27], Wu
and Xia obtained characterizations of NED’s in terms of admissibility analogous to
those in [30] but eliminating the assumption of bounded growth.

However, the results in [27] were still restricted to the case of finite dimensional
and invertible dynamics. The main objective of the present work is to go one step
further and extend their results to the case of possibly noninvertible and infinite
dimensional dynamics. Moreover, we emphasize that our method of proofs is dif-
ferent and significantly simpler than the one presented in [27]. The importance
of our results stems from the fact that NEDs are ubiquitous in the context of er-
godic theory even in the infinite-dimensional case when the appropriate versions of
the multiplicative ergodic theorem can be applied (see for example [1, Proposition
3.2]). In this setting (as well as in many others) the assumption that the dynamics
is invertible is way too restrictive, and returns us to the finite-dimensional case. We
stress that similar results were obtained in [11, 12] where it was shown that NED’s
can be characterized in terms of admissibility of three pairs of spaces. On the other
hand, in the present work we show that the same can be achieved by using only
two pairs.
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2. MAIN RESULTS

For § > 0, let us consider
L) = {f: J— X : sup (\f(k)|6‘““') < -|—oo} ,
keJ

which is a Banach space with respect to the norm
[ Flo.s = sup (I£(k)6 7).
keJ
Moreover, for m € Z* let
Usz+(m) := {’U € X : sup(|®(k,m)v|d~F) < Jroo}.
k>m

Clearly, Us z+(m) is a subspace of X.

The following is a generalization of [27, Lemma 2.1] to the case of noninvertible
dynamics on arbitrary Banach spaces. We note that our arguments are much
simpler than those in [27].

Proposition 2.1. Assume that there are 0 < § <~y such that the pair (L3 (Z1), L (Z7T))
is admissible. Furthermore, suppose that U, 7+(0) is closed and complemented in

X. Then, there is a sequence of projections P,, n € Z on X such that (2) holds
forn € ZT with Ay|kerp,: KerP, — KerP, 1 being invertible, and a constant

D > 0 such that

|[®(n,m)P,,| < Dy™*™™ (l)m n>m, (5)
)
and
n—m ,y m
|®(n,m)(Id — Pp,)| < Dy (5) n < m. (6)

Proof. We divide the proof of Proposition 2.1 into several lemmas. To this end, let
Z C X be a closed subspace of X such that

X =U,z+(0) @ Z. (7)

Lemma 2.2. For each f € LF(Z") there exists a unique xy € L(ZT) such that
z¢(0) € Z and

zr(n+1) = A,zp(n) + f(n), neZt. (8)
Proof of the Lemma 2.2. Indeed, we know that there exists z € L7° (Z*) such that
z(n+1) = A,z(n) + f(n), neZt. 9)

Write 2(0) = v1 + vz where v1 € U, 7+ (0) and vy € Z. Define
z¢(n) :=xz(n) — ®(n,0)v;, neZr.

Then, xy € L(ZT), £(0) = va € Z and (8) follows from (9). Therefore, we have
established the existence of x.

We now prove that z ¢ is unique. To this end, suppose that Z¢: ZT — X belongs
to L2°(ZF), &7(0) € Z and satisfies

Tr(n+1)=A,3s(n)+ f(n), neZt. (10)
By (8) and (10), we have that
21(n) = 35(n) = B(n,0)(w7(0) — 77(0), neZ*.

Since xy — &y € L3(Z"), we conclude that x7(0) — Z7(0) € U, z+(0). On the
other hand, x;(0) — Z¢(0) € Z. Then, (7) yields that z;(0) = Z;(0) and therefore
Tfr = i‘f. 1
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Lemma 2.3. We have that
X =U,z+(m)®®(m,00Z, meZt. (11)

Proof of the Lemma 2.3. For m = 0 there is nothing to prove as the desired con-
clusion follows from (7). Take m > 0 and v € X. We define f: ZT — X by

f(n):{o n#m-—1

v n=m-—1.

Then, f € £L(Z"). By Lemma 2.2, there is a unique 2y € £3°(Z") such that
x5(0) € Z and that (8) holds. Then,
zg(m) —Ap_izp(m—1)=v
and
z¢(n) = Ap—1zp(n—1) n#m.
In particular,
Ap_1zp(m —1) = ®(m,0)z;(0) € &(m,0)Z.
Moreover,
zr(n) = ®(n,m)xs(m) n>m,
and thus, since zy € LP(Z"), we have that zy(m) € U, z+(m). Hence, v €
Uy z+(m) 4+ ®(m,0)Z.
Suppose now that v € U, z+(m) N ®(m,0)Z. Thus, there exists z € Z such that
v =®(m,0)z. Set
z(n) = ®(n,0)z, neZt.
Then, z € LP(Z"), £(0) € Z and (9) holds with f = 0. From Lemma 2.2 we

conclude that x = 0 which implies that v = 0. This completes the proof. O
Set
Z(m) :=®(m,0)Z, mecZt.
Clearly,
ApU, z+(m) CUyz+(m+1) and ApZ(m) =Z(m+1), (12)
formeZ".

Lemma 2.4. Form € Z*, Ap|z(m): Z(m) — Z(m + 1) is invertible.
Proof of the lemma 2./. The surjectivity is obvious. Suppose that there exists v €
Z(m) such that A, v = 0. We write v = ®(m, 0)z for z € Z. Set
z(n) :=®(n,0)2, neZ.
Since z(n) = 0 for n > m, we have that 2 € £L3°(Z™). Moreover, 2(0) € Z and (9)

holds with f = 0. Thus, z = 0 and v = 0 and A,,|z(m): Z(m) = Z(m + 1) is
injective. The proof is complete. O

By Lemma 2.2, we may define a map from £3°(Z*) into L3°(Z*) by f+— xy. Tt
is easy to see that this is a linear operator. Moreover, the following holds.

Lemma 2.5. The linear operator f — x¢ is bounded.

Proof of the Lemma 2.5. We will prove that f — x is a closed operator, which due
to the closed graph theorem implies the desired result. Let (f,)nen be a sequence
in £3°(Z7") that converges to f in £§°(Z1). Moreover, assume that the sequence
(2, )nen converges to x in L3°(Z1). We have that

zf, (m+1) = Apay, (m) + fu(m), m e (13)

Since f, — fin £3°(ZT) and x5, — x in L3°(Z7), we conclude that f,,(m) — f(m)
and x5, (m) — z(m) for each m € Z*. Since zy,(0) € Z for each n € N, we have
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that 2(0) € Z (since Z is closed). Moreover, by passing to the limit when n — oo
in (13) we have that

z(m+1) = Apz(m) + f(m), meZ".
Therefore, xy = x and the desired conclusion follows. (|

For m € Z*, let Pp,: X — U, z+(m) be the projections associated with the
splitting (11). Clearly, (12) implies (2). Using the notation as in the proof of
Lemma 2.3 we have for m > 0 that P, v = z¢(m). Thus,

[Pov] = |zp(m)| < ™ [wfly 2+ < K™ flszr = Ko(v/0)™ v, (14)

where K > 0 denotes the norm of the operator f — xy. Take now v € U, z+(m),
m > 0 and define f: Z* — X by

0 n#m-—1
f(n) = { (15)
v n=m-—1.

Then, f € L3°(Z"). Tt is easy to see that

O(n,mv n > m;

0 n <m.
Hence,

B, m)o] <"l e < K| flaze < Koyno ol = Koy (1) o,

for n > m. We conclude (see (14)) that
5y 2m
5) [v], n>m>0.

We now consider the case m = 0. If n > 0, then

|®(n, 0) Pov| = [@(n, 1) P Agv| < K2527n_1%\A0v\ < K26 Aoy |v).

|®(n, m)Ppu| < K252ym—™ (

On the other hand,
[©(0,0)Pov| < [Pol - [v].
Hence,
2m
| (n, m)Ppuv| < Dy ™ (%) v n>m, (16)

where
Dy = max{|Py|, K%6%, K26 Ao|}.
Take now v € Z(m) with m > 0. We define f: ZT — X by

—v n=m-—1
f(n):{O n#m— 1.

Then, f € £L(Z*1) and the corresponding z ¢ is given by

d(n,mv n<m-—1
JL‘f(ﬂ)Z{O 0> m

Hence,
n n ns—m n—m ’y m
D, m)o] 9"l ze < K| flsze < Koy"5 "ol = Koy~ (3) ol
for n < m. Thus, by (14) we have
2m
[©(n,m)(Id — Pr)o| < K(1+ K)oy (1) Jol, (17)

for n < m.
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Finally, for v € X and m > 0, let f be given by (15). Moreover, let z: Z* — X
be given by
2(n) = ®(n, m)Ppv n>m;
| =®(n,m)(Id — Py)v n<m.
It is easy to verify that (9) holds. Moreover, (16) and (17) imply that 2 € £3°(Z*).
Since z(0) € Z we conclude that © = xy. Then,

n n ns—m n—m 7 m
D, m) Pv] < 5" fosl 20 < K" sz = Koy~ o] = K6y ()" o,
for n > m, which together with (16) applied for m = 0 yields (5). Similarly, one
can prove (6). This ends the proof of Proposition 2.1. O

Remark 2.6. We note that in comparison to [27, Lemma 2.1] in (5) and (6) we
have (v/8)™ instead of (v/5)?™.

We now state our first main result.

Theorem 2.7. Assume that there are 0 < 6; < ~;, i € {1,2} with v» < 1 and
Yo > 1 such that the pairs (L (Z), L22(Z7)) are admissible fori = 1,2. Moreover,
suppose that

Uy, z+(m) =U,, z+(m) form e Z", (18)

and that U, 7+(0) is closed and complemented. Then, (Ayp)pez+ admits NED.
Proof. Let Z be a closed subspace of X such that
X=U,+0)®Z=U,,72+0) & Z.

Then, it follows from the proof of the previous proposition that we can choose the
same projections P,,, m € ZT associated to both admissible pairs. In particular,
we have

m

|®(n, m)Py,| < Dy~ ™ (Zl) n>m,
1
and
m
|®(n,m)(Id — Py,)| < D'~vy~™ (;IQ) n < m.

2

This readily implies the desired conclusion. O

Remark 2.8. In the case when operators A,, are invertible, one can easily verify
that Uy z+(m) = ®(m,0)(U, z+(0)) for m € Z*. Thus, in this case (18) can
be replaced by the requirement that U, 7+(0) = U,, z+(0). Moreover, when X
is finite-dimensional, the assumption that U, z+(0) is closed and complemented is
automatically satisfied. Finally, when X is a Hilbert space, it is sufficient to assume
that U, 7+(0) is closed.

Let us now discuss the case of dichotomies on Z~. For m € Z~, let U&Z‘ (m)
consist of all v € X with the property that there is a sequence (z(n)),<m C X such
that (m) = v, z(n) = A,—12(n — 1) for n < m and supngm(|:c(n)|5i‘"‘) < +o0.
Then, 05,27 (m) is a subspace of X.

Proposition 2.9. Assume that there are 0 < 6 <~y such that:
(a) the pair (LF(Z™),LX(Z7)) is admissible;

(b) Uyz-(0) is closed and complemented in X ;
(c) if v € LX(Z7), z(n) = Ap—12(n — 1) forn <0 and z(0) = 0, then v = 0.
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Then, there is a sequence of projections P, m € Z~ on X such that
AnP, =P, 1 An m< -1 (19)

with Ay |kerp,, : KerP,, — KerPy,1+1 being invertible, and a constant D > 0 such
that

Im|
[@(n.m)P,| < Dy" " (1) nzm, (20)
and
- mn (7)™
®(n,m)(Id — P.)| < Dy (5) n < m. (21)
Proof. Let Z be a closed subspace of X such that
X=2ZaU,z (0). (22)

Lemma 2.10. For each f € L3°(Z™) there exists a unique x5 € L°(Z™) such that
z5(0) € Z and
zp(n+1)=Apzs(n) + f(n), n<-1 (23)

Proof of the Lemma 2.10. The existence of zf can be established by arguing as in
the proof of Lemma 2.2. The uniqueness follows from (c). O

For m € Z—, let
Zim):={veX: ®0,mveZ}, meZ .
Note that Z(m) is a subspace of X and Z(0) = Z.
Lemma 2.11. Form e Z~,
X =2Z(m)® U,z (m). (24)

Proof of the Lemma 2.11. For m = 0 there is nothing to prove as the desired con-
clusion follows from (22). Take now m < 0. For v € X, we define f: Z~ — X

by
v n=m—1;
f(n)_{O n#m— 1.

Then, f € L3(Z7). Let x5 € L3°(Z™) be given by Lemma 2.10. Then,
zp(m) —Ap_1zp(m—1)=v

and
zp(n) = Ap_1zp(n—1), n#m.
In particular, z;(0) = ®(0, m)z ;(m) yielding that = ;(m) € Z(m) (since z;(0) € Z).
Moreover, A,,_12;(m — 1) € U, z- (m). Hence, v € Z(m) + U, z- (m).
Take now v € Z(m) N U, z- (m). Then, there exists a sequence (z(n))p<m C X
such that z(m) = v, z(n) = Ap—12(n — 1) for n < m and supngm(|x(n)|’y"”|) <
+00. We define

Then, # € L(Z™) and
Z(n)=A,12(n—1), n<0.
Since Z(0) € Z, by Lemma 2.10 we have that £ = 0, and thus v = 0. d

Lemma 2.12. Form < —1, Ap|g s (m) U, z-(m) = U, z- (m+1) is invertible.
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Proof of the Lemma 2.12. The surjectivity is obvious. Let v € Umzf (m) be such
that A,,v = 0. Let (z(n))n<m C X be a sequence such that z(m) = v, z(n) =
Ap_1z(n — 1) for n < m and supngm(|x(n)|'y"”|) < 4o00. We define

H(n) = {x(n) n <m;

0 n > m.

Then, & € LX(Z7), 2(0) € Z and #(n) = A,_1Z(n—1) for n < 0. By Lemma 2.10,
we have that £ = 0. Hence, v =0 and A4,,|5 (m) 18 injective which together with

the previous observation yields our claim. O

Using Lemma 2.10 we may define a map from £3°(Z™) into L°(Z7) by f +— zy.
It is easy to see that this is a linear operator and, moreover, by proceeding as in
the proof of Lemma 2.5 we get the following result.

Lemma 2.13. The linear operator f — xy is bounded.

Let P, : X — Z(m), m < 0 be the projections associated to the splitting (24).
Then, using the notation as in the proof of Lemma 2.11 we have that P,,v = xz5(m)
and, consequently,

_ m m K /~\Iml
(Pl = log(m)| < fosly - < KV flsz- =5 (1) Rl (25)

for m < 0, where K > 0 is the norm of the operator f — zy. We now take
v € Z(m) and define f: Z= — X by

F(n) = v n=m-—1;
)0 n#Em-—1.
Then, f € £3°(Z™) and xy is given by
®(n,m)v n>m;
zs(n) = {O n<m
Therefore,
[n] -n K —ngm
|@(n,m)v| < 5™aslyz- < Ky ™" flsz- = 57"6" ol
and thus K il
|D(n, m)v| < ?'ym_" (1) n>m.
Consequently (see (25)),

2|m|
o(n,m)P, | <Cy" 7 (3) nzm, (26)

where C':= K*/§* > 0.
Take now v € U, z- (m). Let f: Z~ — X be given by

=10

Then, f € £3°(Z™) and the corresponding z is given by

O(n,mv n < m;
zp(n) = {0 WS

Consequently,

. _ K _
|®(n,m)v| <y "wplyz- < Ky " flsz- = 57 "6 v,



AN ADMISSIBILITY APPROACH TO NONUNIFORM EXPONENTIAL DICHOTOMIES 9

and thus

2|m]|
[@(nm)(Id— Pp)l < C'y 7 (1) m<m, (27)

for some C’ > 0. Finally, proceeding as we did in the end of the proof of Proposition
2.1, we can improve the exponent “2lm|” to “|m|” in (26) and (27). Hence, (20)
and (21) hold and the proof of the proposition is complete. ]

The proof of the following result is analogous to the proof of Theorem 2.7.

Theorem 2.14. Assume that there are 0 < §; < 4, i € {1,2} with y7 < 1 and
Y2 > 1 such that:

(a) the pairs (L5°(Z7), L5 (Z7)) are admissible for i = 1,2;

(b) formeZ~,

U’Yl727 (m) = U’Y27Z’ (m)7 (28)
(c) Uy, ,z-(0) is closed and complemented;

(d) if x € LF(Z7), x(n) = Ay—12(n — 1) for n <0 and x(0) =0, then x = 0.
Then, (Apn)nez- admits NED.

Remark 2.15. If operators A,, are invertible, then (28) can be replaced by the
requirement that U,, 7-(0) = U,, z-(0). Moreover, in this case the assumption (d)
can be eliminated.

Finally, we discuss the case of dichotomies on Z.

Theorem 2.16. Assume that there are 0 < §; < 74, i € {1,2} with v < 1 and
Y2 > 1 such that:

(1) the pairs (L5°(Z), LS (Z)) are properly admissible for i =1,2;

(2) we have that

U,, z+(m) =U,, z+(m) formeZ"

and

le,Z* (m) = UW,Zf (m) formeZ”;
(3) Uy, z+(0) and ﬁ%,zf (0) are closed.

Then, (An)nez admits NED.

Proof. Firstly, it follows easily from the first assumption of the theorem that the
pairs (L£3°(Z%1), L32(Z1)) and (LF(Z7), L2 (Z7)), i = 1,2, are admissible. More-
over, by arguing exactly as in the proof of [27, Theorem 2.2.] we obtain that

X =U,, 2+(0) ® Uy, 2-(0) = Uy, 2+ (0) ® Uy, 5 (0).
Thus, U,, z+(0) and le,Z— (0) are complemented. Furthermore, by the proper
admissibility of (£§(Z), L5 (Z)) we get that the assumption (d) of Theorem 2.14 is
also satisfied. Consequently, by Theorems 2.7 and 2.14 we have that (A,,),cz+ and

(An)nez- admit NED with projections P, n € Z* and P, , n € Z™, respectively.
Therefore, there exist D > 1, a € (0,1) and € > 1 such that

|®(m,n)P;| < Da™ ™" m >n >0, (29)
|®(m,n)(Id — P)| < Da™ ™e" 0<m<n, (30)
|®(m,n)P;| < Da™ "™ 0>m >n, (31)
and
|®(m,n)(Id — P;)| < Da™™el"l m <n<o. (32)

Moreover, we can choose Py~ and P, so that

ImaPy” = ImaPy =U,, z7+(0) and KerPy = KerPy, =U,, z-(0).
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Hence, Py = P, . Set

P n>0;
pP,=< " -
P, n<O.
Then, A, P, = P,+1A,, for each n € Z. Moreover, A,|kerp, is invertible for every

n € Z. For m > 0 > n we have using (29) and (31) that

|®(m, n) Py, = |®(m, 0) Py ®(0,n)P; | < Da™|®(0,n)P; | < D*a™ "l

This together with (29) and (31) yields that

|®(m,n)P,| < D>a™ "™ for m,n € Z such that m > n.

Similarly, (30) and (32) imply that

|®(m,n)(Id — P,)| < D*a™"™el™| for m,n € Z such that m < n.

Hence, we obtain the conclusion of the theorem. O

Remark 2.17. We observe that, since we improve the main results of [27] to the
case of infinite dimensional and noninvertible dynamics and shorten their proofs
via different methods, we also improve the previous literature [2, 4, 5, 31, 30] in the
sense that neither bounded growth nor Lyapunov norms are necessary in this paper.

(1]
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