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ABSTRACT. In this work, we introduce three notions of dichotomy spectrum
based on general growth rates and describe their structure. Our results are
applicable to nonautonomous linear systems acting on general Banach spaces
having negative p-index of compactness, a condition which is satisfied, for in-
stance, by any sequence of compact operators. Moreover, for any possible form
of the spectra, we present an explicit example exhibiting such spectrum. Fur-
thermore, as an application, we obtain normal forms of certain nonautonomous
systems. We emphasize that the classical Sacker-Sell spectrum can be obtained
as a very particular case of our setting.

1. INTRODUCTION

The notion of an exponential dichotomy, introduced by Perron [21], plays an im-
portant role in the study of nonautonomous dynamical systems. Roughly speaking,
a system is said to admit an exponential dichotomy if, at each moment of time,
the phase space splits into two complementary directions such that along one of
these directions we have exponential expansion with time, while in the other one
we have exponential contraction. Associated with this notion we have that of the
Sacker-Sell spectrum or dichotomy spectrum, introduced by Sacker and Sell [25] in
the study of linear skew product flows with compact base and latter extended to
several different settings [2, 5, 6, 15, 26]. In general terms, this spectrum consists
of all real numbers for which an appropriate perturbation, determined by these
numbers, of the original system does not admit an exponential dichotomy. This
notion has proved to be useful in several contexts, like in the obtention of normal
forms for nonautonomous difference and differential equations [8, 27, 28, 29, 32],
and is by now reasonably well understood.

In the present work we aim to extend the study of dichotomy spectrum by
considering a similar notion but now associated to a more general concept of di-
chotomy, namely, that of (u,v)-dichotomy. Similarly to what happens in the case
of an exponential dichotomy, this notion also requires that the phase space splits
(at each moment of time) into two complementary directions along which the dy-
namics contracts/expands, but here the rates of contraction/expansion are given
by a general function p and the nonuniformity of these contractions/expansions
is measured using a function v (for more on this concept, check out Section 2.1).
Then, based on this notion of (u,r)-dichotomy, we will introduce three notions of
dichotomy spectrum and describe their structure. Our results are applicable to
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nonautonomous linear systems acting on general Banach spaces having negative -
index of compactness, a condition which is satisfied, for instance, by any sequence
of compact operators. Moreover, for any possible form of the spectra, we present
an explicit example exhibiting such spectrum. Furthermore, as an application, we
obtain normal forms of certain nonautonomous systems. The importance of our
results stems from our general framework. More precisely, we are able to treat in
a unified manner various settings in which no similar result has been previously
obtained and to recover and refine several known results. In particular, we observe
that the classical Sacker-Sell spectrum can be obtained as a very particular case of
our setting.

We would like to mention that our work was inspired by the works of Barreira,
Dragicevi¢ and Valls [5, 6]. In these works, the authors introduce and charac-
terize a strong nonuniform spectrum associated with arbitrary growth rates for
finite-dimensional systems and a nonuniform dichotomy spectrum associated with
a nonuniform exponential dichotomy with an arbitrarily small nonuniform part for
possible infinite-dimensional systems acting on Banach spaces and with index of
compactness smaller than zero, respectively. In the present paper, we combine
the main features of both works and deal with very general types of dichotomy
(even more general than the one considered in [5]) and also work in the infinite-
dimensional setting of Banach spaces. As for the application to normal forms, we
mention that our work was inspired by [8] in which the authors have obtained nor-
mal forms by making use of the nonuniform dichotomy spectrum introduced in [6].
Here, we use our nonuniform p-dichotomy spectrum to obtain a similar application.
Finally, we refer to [1, 2, 15, 17, 23, 24, 25, 31, 32] and references therein for more
interesting results involving several types of dichotomy spectra.

2. PRELIMINARIES

Let X = (X,] - ||) be an arbitrary Banach space. By B(X) we will denote the
space of all bounded linear operators on X. The operator norm on B(X) will be
also denoted by || - ||. Given a sequence (A )necz of bounded linear operators in
B(X), let us consider the associated linear difference equation

Tntl = AnTn, n € Z. (2.1)
For m,n € Z, the evolution operator associated to (2.1) is given by

Ap1---A, form >n;

(2.2)
Id for m = n,

A(m,n) = {

where Id denotes the identity operator on X.

2.1. Growth rates and (y,v)-dichotomy. Let p = (y,)nez be a strictly increas-
ing sequence of positive numbers such that

lim p, =0 and lim  p, = +oo. (2.3)

n——oo n—-+oo

We call such a sequence p a growth rate. Furthermore, let v = (v,)nez be an
arbitrary sequence with v, > 1 for every n € Z.

Definition 2.1. We say that (2.1) admits a (y, v)-dichotomy if the following con-
ditions are satisfied:

(1) there exists a family of projections P,, n € Z, such that
AP, = Poyi Ay (2.4)
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(2) the restriction
Aplkerp, : Ker P, — Ker P41 (2.5)

is an invertible operator for each n € Z;
(3) there exist D, A > 0 such that

Y
| A(m, n)Py,|| < Dy, (T) for m > n (2.6)
and
.Y
I A(m, n)(Id —P,)|| < Dv, (“”) for m < n (2.7)
[tm

where

A(m,n) == (A(n,m)|Ker pm)flz Ker P, — Ker P,,, (2.8)
for m < n.

Remark 2.2. We would like to emphasize the great generality of the notion of
(i, v)-dichotomy. For instance, suppose initially that v, = C for every n € Z and
some C > 1. Then, by taking u, = e", n € Z, we recover the well-known notion
of exponential dichotomy; by taking p, = 1+ n, for n > 0 and u, = 1/(1 — n) for
n < 0, we get the notion of polynomial dichotomy; by taking u, = In(e + n) for
n >0 and p, = 1/In(e —n) for n < 0, we get the notion of logarithmic dichotomy.
Moreover, in all these cases, if we take a general sequence v instead of the constant
one, for instance, v, = 52" ~Y¢ for some small ¢ > 0 and n € Z where sgn(, —1)
denotes the sign of u, — 1, we get nonuniform versions of those dichotomies.

Remark 2.3. We observe that versions of (u,v)-dichotomy for discrete and con-
tinous time dynamics have already appeared in the literature and have been in-
vestigated by many authors. For instance, among the topics that have already
been explored for systems exhibiting this type of behaviour are invariant mani-
folds [9, 10, 11, 20], the shadowing property [3], admissibility [4, 30], reducibility
[12, 22, 31] and roughness [19, 14, 16]. Moreover, spectral properties associated
with variations of this notion were also studied, for instance, in [5, 12, 31]. We will
compare these results with ours in a more systematic way throughout the text.

2.2. (p,v)-dichotomy spectrum. We define the (u,v)-dichotomy spectrum of
(2.1) as the set of all numbers v € R for which the system

¥

Tpy1 = ( i ) A,r,, nEZL, (2.9)
Hn+1

does not admit a (u,v)-dichotomy and denote this set by ¥, ,. The set p,, =

R\ X, is called the (p,v)-resolvent set of (2.1). We will denote the evolution

operator associated with (2.9) by A, (m,n). In particular,

i\
Ay (m,n) = (,un) A(m,n).
Remark 2.4. We observe that the classical Sacker-Sell spectrum can be recovered
in the particular case when pu, = e" and v,, = C for some C' > 1 and all n € Z.

2.3. p-index of compactness. Let Bx denote the closed unit ball in X centered
at 0. For an arbitrary A € B(X), let ||Allic be the infimum over all » > 0 with the
property that A(Bx) can be covered by finitely many open balls of radius r. It is
easy to show that

[Allie < Al and[[cAllic = |¢[[[Allic,
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for every A € B(X) and ¢ € R. Moreover,
||A1A2||ic < HA1||1C . ||A2Hic> for every Ay, Ag € B(X)

Using || - |lic we define

1
Kic := lim sup log || A(n, 0)])sc.

n—+oo 10g fin
We call this number the p-index of compactness of (2.1). An interesting property
of (2.1) involving the p-index of compactness is the following.

Proposition 2.5. Suppose that (2.1) admits a (u,v)-dichotomy with projections
(Pn)nez and let A > 0 be such that (2.6) and (2.7) are satisfied. Moreover, suppose
there exists € € (0, A] such that

lim p, v, =0. (2.10)

n—-+oo

Then, if kic < 0 we have that dim Ker P, < +o00 for every n € Z.

Proof. We start observing that by the invertibility required in (2.5), dim Ker P,, =
dim Ker P, for every m,n € Z. Thus, all we have to do is to prove that dim Ker Py <
400. Suppose that this is not the case and consider the unit ball centered at 0 in
Ker Py given by

Bgerp, = {v € Ker Py : ||v|| <1} = Bx NKer F.

By Riez’s Lemma, there exists a sequence of elements (vg)gen in Biker p, sSuch that
|lug —v;]| > 1/2 for every k # j. Then, it follows by (2.7) that for n > 0,

—A
fin
ok — v;]) < Do, (M) 1A, 0) (g — v,)].

Therefore,

1 I A 1 I &
0 — o)l > s mn > mn .
A 0w = )] > gl =il (42 ) > g5 ()

In particular, A(n,0)(Bx) cannot be covered by finitely many balls of radius
A A
L (“) which implies that || A(n,0)|ic > 7 (“) . Therefore,

4Dvy, Ho = 4Dv, Mo

1
log || A(n, 0)]|;
e g [[A(n,0)lfic

Kic = lim sup
n—+oo 10O

1 AT
> lims lo L
- gﬁf log pr, 8 <4DVn (Mo) )
= lim sup

1 A
log <u") )
n—+o0 log Hn 12%

Finally, given ¢ € (0, A] such that (2.10) holds, there exists C' > 0 satisfying v,, <
Cué, for every n € N. Plugging this information into the previous inequality we get

that
A
Kic > limsup log (’u”> >A—e>0
n—+oo 10g ln Cus,
contradicting our assumption that xi. < 0. Thus, dim Ker Py < 400 and the proof
is complete. O

Observe that whenever dim X < +o0o or, more generally, if A is a compact
operator in B(X), then ||A]|;c = 0. In particular, if (A,),ecz is a sequence such
that A,, is a compact operator for some n € N, then A(m,0) is compact for every
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m > n and ki = —oo (taking log0 = —o0). In this case, whenever (2.10) holds,
the hypotheses of Proposition 2.5 are automatically satisfied.

In what follows, we are going to focus our attention in the description of X7, =
Y0 N (Kic, +00), that is, the restriction of the (y,v)-dichotomy spectrum to the
set (Kic, +00). The reason for this is that, given v € (kjc, +00) N p,,., we have that
the p-index of compactness associated with (2.9) is smaller than 0. Indeed,

log 1A (1, 0) [lic

lim sup
n—-+o0o

= lim sup

| (i) o
n—-+oo Ogﬂ'n

1c

= lim sup log (M)) + lim sup log [|A(n, 0) s,
n—+oo 10g fin i n—+oo 108 iy
= —’Y —|— Kic < O

Thus, whenever (2.10) holds, by Proposition 2.5 we have that dim Ker P, < 400
for every n € Z where (P,)nez is the family of projections associated with the
(u, v)-dichotomy of (2.9).

3. THE STRUCTURE OF THE (4, v)-DICHOTOMY SPECTRUM

In this section, we are going to describe the possible structure of X, := %, , N
(Kic, +00). For this purpose, let us consider the following p0551b111tles

(P1) Trie =0

(P2) 35, = (Kje, +00);

(P3) Xfie =1, U U?:Q[ajvbj] where I1 = [a1,b1] or [a1, +00) for some numbers

w,v
Kie < ap <bp <ap_1<bp_1<...<a; <b (3.1)

and some k € N;

(P4) e =1, U UJ 2[a]7 i1 U (Kic, bi] where Iy = [a1, b1] or [a1,4+00) and the
numbers a; and b; are as in (3.1) for some k > 2. In the case when k =1
we have Y¥jic = (nic, b1];

(P5) ¥ri = I UUjZylay, bj] where Iy = [a1,b1] or [a1, +00) for some numbers

Kie < ...<az <by<a; <b (32)
with lim a; = Kic;
j—+oo
(P6) Xrie =1 U szz[aj,bj] U (Kic, boo] where I1 = [a1, b;1] or [aq,+00) and the
numbers a; and b; are as in (3.2) with by := hI_P a; > Kic.

Moreover, given v € R and n € Z, let us consider
Sy(n) = {v € X : sup (|| A(m, n)vl|) < +oo}
m>n

and let U, (n) be the space of all v € X for which there exists a sequence (zm)m<n
such that z, = v, zm = A1, 1 for every m < n and sup,, <, (1, [|2m||) < +o00.
It is easy to see that whenever v < g,
Sy(n) C Sg(n) and Ug(n) C Uy(n)
for every n € Z.
Finally, given subspaces S,U C X, let us consider
Z(S,U) =inf{|lv—ul : ve S and ue U with ||v] = |Ju]| = 1}.

Observe that this quantity may be interpreted as the angle between the subspaces
S and U.
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3.1. Main result. The following is the main result of this section. In the state-
ment, we use the adjective “admissible” for a number j € N meaning “values of
7 € N for which the expression makes sense according to the case we are dealing
with”.

Theorem 3.1. Suppose k;. < 0 and that for every e > 0,
lim piv, =0 and lim p, v, =0. (3.3)

n——oo n—-+oo

Then ¥3%, has one of the forms given in (P1)-(P6). Moreover, in the case when
Y, NRT is bounded, taking numbers ¢; € (bj41,a;) for each j and ¢y > by, the
subspaces

Ej (n) = Scj—l (n) N UCj (n)
are finite-dimensional, independent of the choices of c¢; and satisfy the following
properties:
e for every admissible j > 1 and n € Z,

18 invertible;
o for every admissible 1 <v < j andn € Z,

J
Ue,(n) = Ue,_, (n) & @ Eu(n); (3.5)
=i
e for each admissiblei > 1 andl >0 andn € Z,
i+l
X =8, (n)®U,_ (n)ePE;n); (3.6)
=i

o forve Ej(n)\ {0},

1
a; < liminf log || A(m,n)v| < lirisiup g f

m—+oo 0og

o for everyi # j,

log L A(m, nol| < b;. (3.7)

m

lim
n—+oo log iy,

log Z(E;(n), Ej(n)) = 0. (3.8)

Remark 3.2. In Section 4 we will present examples showing that all the possi-
bilities for X7 given in the previous theorem can actually appear. Moreover, we
once more observe that whenever (A, )nez is a sequence such that A, is a compact
operator for some n € N, kjc = —oo and Xjis, = X, . In particular, in this context
Theorem 3.1 gives us a complete characterization of the (u, v)-dichotomy spectrum

of (2.1).

Before we go into the proof of Theorem 3.1, we will present a simple yet inter-
esting observation which completely characterizes the stable and unstable spaces
associated to a (u, v)-dichotomy.

Proposition 3.3. Suppose (2.1) admits a (u, v)-dichotomy with projections (Pp)nez
and constants D, \ > 0. Moreover, assume that

lim plv, =0 and lim p, v, = 0. (3.9)

n——00 n—+00
Then,
ImP, = {v € X : sup ||A(m,n)v|| < Jroo}
m>n

while Ker P,, consists of all v € X for which there exists a sequence (Zm)m<n Such
that 2y, = v, Zm = Am—12m—1 for every m < n and sup,,<,, || zm || < 400.
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Proof. Given v € Im P,,, condition (2.6) implies that
sup || A(m,n)v|| < +oo (3.10)
m>n

showing that Im P, C {v € X : sup,,>,, [[A(m,n)v|| < +o00}. To show the reverse
inclusion, we start by observing that, if v € X is such that (3.10) holds, then by
(2.6) we have that

sup || A(m,n)(Id —P,)v|| < +o0. (3.11)

m>n

On the other hand, given m > n, condition (2.7) implies that

s\
162 -2l < Dy (422) A n) 1 -]

n

and thus

1 L A
5o (22) 10a-Puyel < AGn )1 )l
Consequently, if (Id —P,)v # 0, using condition (3.9) we get that the right-hand
side of the previous inequality goes to infinity as m — 4o0c which contradicts (3.11).
Thus, (Id —P,)v =0 and Im P, = {v € X : sup,,>,, [[A(m,n)v|| < +oo}.

To prove the second claim, given v € Ker P,, by (2.5) we may consider the
sequence z,, = A(m,n)v for m < n. Then, (z,)m<n satisfies z,11 = Ap 2y for
m < n and z, = v. Moreover, condition (2.7) gives us that sup,,<,, ||zm| < +o0.
Reciprocally, if v € X is such that there exists a sequence (zmjmgn satisfying
2n = U, Zm = Am—_12m—1 for every m < n and sup,,<,, ||zm|| < +oo then by (2.4)
and (2.6), -

-2
1Pyl = [ A, m) Pzl < Do (fj) 2l

m

for m < n. Thus, making m — —oo and using (3.9) we get that P,v = 0. This
concludes the proof of the second claim as well as the proposition. O

Remark 3.4. Observe that condition (3.3) implies that condition (3.9) holds for
any A > 0.

Proof of Theorem 5.1. Given v € R and n € Z, let us consider the sets S,(n) and
Uy(n) defined at the beginning of this section. We have already observed that
Sy(n) C Sg(n) and Ug(n) C Uy(n) for every n € Z whenever v < . Moreover,
by Proposition 3.3, for every v € p, ,, the projections (P,)nez associated to the
(1, v)-dichotomy of (2.9) satisfy

ImP, =S,(n) and Ker P, =U,(n) (3.12)
and
X =5,n)®U,(n) (3.13)

for every n € Z. In particular, by condition (2.5), dim U, (n) does not depend on

n € Z and thus we will write dim U, := dim U, (n) for any n € Z. Furthermore, as

observed in the end of Section 2.3, dim U, < 400 for every v € p,, , N (Kic, +00).
We now present a series of auxiliary results.

Lemma 3.5. The set p,, is open. Moreover, if v € p,, and J C p,, 5 an
interval containing -y, then

S,(n) = Sp(n) and U, (n) = Us(n)

for every p € J and n € Z.
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Proof of Lemma 3.5. Let v € p,,. Then, there exists a family of projections
(P)nez and constants D, A > 0 such that

H (ZZ)WA(W»MRL
H (/ﬁ) 7 A(m,n)(1d —Py)

Then, for each 8 € R such that |[y—3| < A/4, taking A= min{A—y+8, \+v—38} >0

we have that
—(A=7+5)
< Dy, <Hm)

-\
< Dv,, (,um> form>n

and
Y
<Dy, (Mn> for m < n.

m

| ‘ u/’L 7 ) Pn

for m > n and

H(lﬁ)ﬁm 2)(1d-P,)

for m < n. Then, 8 € p,,, and p,, is open.

Finally, let J C p, . be an interval containing v and take 8 € J. To fix notation,
assume 3 < 7. By the previous argument, for each 7 € [3,~] there exists an open
interval I,, containing 1 such that I,, C p,, and, for each { € I,,, the projections
given by the (u, v)-dichotomy associated to ¢ and 7 are the same. Thus, it follows
from (3.12) that S, (n) = S¢(n) and U, (n) = Ug(n) for every n € Z. Consequently,
since the intervals I,y form an open cover of [3,~] and this is a compact interval, it
follows that S, (n) = Sg(n) and U,(n) = Ug(n) for every n € Z. Similarly we can
consider the case when 8 > . This concludes the proof of the lemma. O

Lemma 3.6. Let 1,72 € pu,p N (Kic, +00) be such that v < 2. Then, [y1,72] N
Y0 # 0 if and only if dimU,, < dimU,, .

Proof of Lemma 3.6. Take v1,72 € pu N (Kic, +00) with 7 < 72 and suppose
initially that [y1,v2]NE,,, # 0. We have already observed that U., (n) C U,, (n) for
every n € Z. Thus, either dimU,, = dimU,, or dimU,, < dimU,,. Suppose that
dimU,, = dimU,,. Then, U,, (n) = U,,(n) for every n € Z (recall that dim U, <
+oo for every v € p,, N (Kic, +00)). Consequently, by (3.12), S,,(n) = S,,(n)
for every n € Z and there exists a family of projections (P, )nez and constants
D;,A\; >0,i=1,2, such that

Vi =i
H (ﬁfn) A(m,n)P,|| < D;vy, (Mm> for m >n (3.14)
and
Vi —As
‘ (,un) A(m,n)(Id —F,) ‘ < Div, (,un> for m < n. (3.15)
Hm Km

Then, for v € [y1,72], (3.14) for i = 1 gives us that

(22 anor

M\
< Div, (,um) form>n
Hn
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while (3.15) for ¢ = 2 gives us that
W
H ( > m,n)(Id —P,)|| < Davy, (Mn) for m < n.

J7.

Therefore, taking D = max{D;, Dy} and A = min{\1, A2}, it follows that (2.9)
admits a (u, v)-dichotomy with constants D and A\. Hence, v € p,,,,. Thus, sincey €
[1,72] was arbitrary, it follows that [y1,72] C p,,., contradicting our assumption.
Therefore, dimU,, < dimU,, as claimed.

Suppose now that dimU,, < dimU,, and take

=inf{B € pu N (Kic, +00) : dimUp = dimU,, }.

Then, since dim U, > dim U,,, it follows by Lemma 3.5 that v1 < v < 72 which in
particular implies that v > Kic. We will now show that v € ¥, ,. Suppose that this
is not the case. Then, we conclude by Lemma 3.5 that we can not have dim U, =
dim U, (otherwise this would contradict the definition of v). Consequently, the
only possibility is that dimU,, < dimU,. In this case, again by Lemma 3.5, there
exists ¢ > 0 such that v +¢ < 72, [1,7+¢€] C pup and dimU, = dimU,4.. In
particular, dim U, 1. # dim U,, contradicting again the definition of . Therefore,

v e X, and [y1,72] MY, # 0. This concludes the proof of the lemma. O

Combining the previous results, we get the following fact.

Lemma 3.7. If~y and 3 belong to the same connected component of p,, ,N(Ke, +00),
then Sy(n) = Sg(n) and U,(n) = Ug(n) for every n € Z.

We are now ready to conclude the proof of Theorem 3.1. We start by describing
the structure of Xiic. If X = (kjc, +00) then we are in the case (P2) and we
are done. So, from now on suppose that Xic # (kjc,+00) and, consequently,
Puw N (Kic, +00) # 0. By Lemma 3.5 we know that p,, is an open subset of
(Kic, +00) and thus it may be written as a finite or countable union of mutually
disjoint open intervals. Consequently, 37 is either empty or it can be written
as a finite or countable union of mutually disjoint closed intervals of (kic, +00). If
¥ = (), then we are in the case (P1) and we are done. On the other hand, if ¥},
can be written as a finite union of mutually disjoint closed intervals of (kic, +00),
then we are either in case (P3) or in case (P4) and again we are done. It remains to
analyze the case where ¥7iic, can be written as a countable union of mutually disjoint
closed intervals of (kic, +oo). For this purpose, we need the following observations.

Claim 1. For every v € p,, N (Kic, +00), the set 3, , N [y, +00) can be written as
a finite union of mutually disjoint closed intervals. More precisely, if d := dim U,
(recall that this is a finite number due to Proposition 2.5), then X, , N[y, +00) may
be written as a finite union of at most d 4+ 1 mutually disjoint closed intervals.

Proof of Claim 1. For the sake of contradiction, suppose 3, , N [y,+00) can be
written as the union of at least d + 2 mutually disjoint closed intervals. Then
there exist real numbers v; < 72 < ... < Y441 i pu N (Kic, +00) such that

Vi, Yi41]NE,, # 0 for every i = 1,...,d. Consequently, by Lemma 3.6 we get that
d>dimU,, >dimU,, >...>dimU

Yd+1
which is a contradiction and, therefore, the claim is proved. [l

Claim 2. For every 71 € p,,, N (Kic, +00), there exists 72 € py,, N (Kic, 71) such that
(727 ’71) n E;t,u # 0.

Proof of Claim 2. Suppose that the claim is false. Then, there exists v1 € py,, N
(Kic, +00) such that either p, , N (kic,71) = 0 and then

3 N (Kie, 1) = (Kies 71)
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or (Kic,71) C pu,v- In both cases, by applying Claim 1 to X, , N[y1,+00), we get a
contraction with the fact that X}, can be written as a countable union of mutually

174

disjoint closed intervals of (kjc, +00). O

Using Claim 2 and proceeding inductively we obtain a decreasing sequence of
numbers (v, )nen satisfying

Yr € Puw N (Kic, +00) and (Yng1,7n) N By, # 0.

Moreover, by Claim 1, for each n € N there exists mutually disjoint closed intervals
I, I, ..., I, such that

Z#’V N [’)/n,‘f'oo) = Ikn @] Ikn,1 U...ul

where (kp)nen is an increasing sequence. Then, either lim, oo ¥ = Kic and we
are in case (P5) or lim, 100 Vn =: boo > Kic. In the latter case, Claim 1 implies
that (Kic, boo) C X, and thus we are in case (P6). This concludes the description
of the possible structure of X} .

Let us now prove the remaining claims in Theorem 3.1. Fix n € Z. We start by
observing that Lemma 3.5 implies that E;(n) does not depend neither on ¢; nor on

cj—1. Moreover, given i < j, we have that
Ej(n) C Sc;,_,(n) C Sc;(n) and E;(n) C U, (n). (3.16)
Thus, by (3.13) it follows that E;(n) N E;(n) = {0}. Furthermore, since
U+V)NW =UNW)+V
whenever U, V and W are subspaces with V' C W, using (3.13) we get that for
every j,
U, (n) = (S¢,_, (n) ® Ue,_, (n)) NUq,(n)
= (8¢,_,(n)N U, (n)) ®Ue,_, (n) (3.17)
=FE;(n) & ch_l(n).

Proceeding recursively, we conclude that for every 1 <14 < j,

Ue,(n) = Ue,_, (n) & @ Ex(n)
=1

proving (3.5). Combining this observation with (3.13) we conclude that (3.6) holds.
Now, given v € R, it follows easily from the definition that

ApSy(n) C Sy(n+1) and A,U,(n) C Uy(n+1)

Thus, the definition of E;(n) readily implies that A,E;(n) C E;(n + 1). More-
over, given v € p,,, it follows by Proposition 3.3, Eq. (3.12) and (2.5) that
Anlu, ) Uy(n) — Uy (n+1) is invertible and, in particular, since dim U, (n) < oo
for every j, we have dimU,,(n) = dimU,,(n + 1) for every j and n € Z. Thus,
using (3.17) we conclude that dim E;(n) = dim E;(n + 1). Finally, recalling that
Ej(n) C Ug,,(n) and An|ch+1(n) is injective, we get that A,|g,(n) is also injective
and thus A, |g;(n): Ej(n) — E;j(n+1) is invertible proving (3.4). Let us now prove
(3.7).

Let v € Ej(n) \ {0} with j > 1. Since ¢j_1 € p,,, we have that (2.9) admits a
(u, v)-dichotomy with v = ¢;_1. In particular, there exists a family of projections
(Py)nez and constants D, A > 0 such that

T
— A ] Pn

-
< Dy, (Mm> for m > n.
Mn
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Thus, since v € S¢;_, (n), by (3.12) we get that

i \ O
Fn A(m,
|(22) " acme

which implies that

-
< Dv, (Mm> o[ form>n
0

n

—Atci—1

1
lim sup log || A(m, n)v|| < limsup 08 fim
m——+oo 108 m m——+00 108} Hm

=Cj—1— A< Cj—1-
Making c;_1 “\, b; we get that

lim sup
m——+0oo 10g Hm

log || A(m, n)v|| < b;.

Similarly, since ¢; € p,, .., we have that (2.9) admits a (u, v)-dichotomy with v = ¢;.
In particular, there exists a family of projections (P,)ncz and constants D, A > 0
such that

¢ -2
’('zm) A(n,m)(Id Pm)H < Dvp, (Zm) for m > n.

Thus, since v € U, (n), by (3.12) and (2.5) we get that

7)\ Cj
]| < D, <’;’") ("") A(m, n)

n Hm

for m > n.

In particular,

Atc;
1 m J
(“) ol < [l A(m, n)v||  for m > n.
Dvp, \ pin

Consequently, using (3.3) we get

log || A(m, n)v|| > lim inf

m=-+20 10g fim n=++00 10g fim,

:Cj+AZCj.

(log e —log Dym)

Thus, making ¢; * a; it follows that

lim inf

Similarly we can prove that

a; < liminf
m——00 [0g Lm

log || A(m, n)v|| < limsup log || A(m, n)v|| < b;.
m—r—0oQ

m

Combining these observations we get that (3.7) is satisfied. It remains to observe
that (3.8) also holds.
We may assume without loss of generality that ¢ < j. Then, it is easy to see that
Z(E;i(n), E;j(n)) < 2.

Moreover, by (3.16) we have that E;(n) C S, (n) and E;(n) C U, (n). Now, letting
(Pp)nez be the family of projections associated to (2.9) with v = ¢;, it follows by
[7, Proposition 2.4] and (3.12) that

B S S ). U ()

for every n € Z. Combining these observations with (2.6) for m = n we get that

o < A(B(n). By () <2
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for every n € Z. Then, using (2.3) and (3.3) we get that

lim
n—+oo log puy,

log Z(E;(n), Ej(n)) =0
as claimed. This concludes the proof the theorem. O

Corollary 3.8. Suppose dim X < 400 and that for every e > 0 condition (3.3) is
satisfied. Then X, , have the form given in (P1), (P2), (P3) or (P4) and in the
latter two cases k < dim X + 1.

Proof. Since dim X < +o0, it follows that ki = —oo and Xjis, = X, ,. In par-
ticular, the description of ¥, given in Theorem 3.1 is actually a description of
the whole spectrum X, ,. Moreover, proceeding as in the proof of Claim 1 with
d = dim X, we conclude that 3, , may have at most d + 1 different connected
components proving that k& < dim X +1 and that the only possible options for ¥, ,,
are (P1)-(P4). O

3.2. Some extra properties of ¥, ,. In this section we describe some properties
of ¥, , under some extra conditions.

Lemma 3.9. Suppose there exists K, x > 0 such that

| A(m,n)| < Ky (Z’”)X form > n. (3.18)

n

Then ¥, C (—o00,x] and S,(n) = X for every v > x and n € Z.
Proof. Given e > 0, condition (3.18) implies that

()"

Hm

—€
< Ky, <Mm> for m > n.
Hn

Consequently, x + ¢ € p,, (with P, = Id for every n € Z) and ¥, , C (—o0, x].
The second claim follows directly from (3.18) and the definition of S, (n). O

Similarly, we have the following.

Lemma 3.10. Suppose that A, , n € Z, is invertible and there exists K, x > 0 such

| A(m,n)| < Ky (,T)X forn >m. (3.19)

m

Then ¥, C [-X,+00) and U,(n) = X for every v < —x and n € Z.

If there exists K, x > 0 such that (3.18) and (3.19) are satisfied we say that (2.1)
has (u, v)-bounded growth.

Corollary 3.11. Suppose that A,, is invertible for each n € Z and that there exist
K, x > 0 such that (3.18) and (3.19) hold. Then, £, , is bounded and non-empty.

Proof. The first claim follows directly from Lemmas 3.9 and 3.10. Let us prove the
second one. For this purpose, given n € Z, let us consider

c=inf{y € p,,: Sy(n) =X}

Observe that Lemmas 3.9 and 3.10 imply that —x < ¢ < x. For the sake of
contradiction, suppose ¢ € p,, . Then, if S.(n) = X, it follows by Lemma 3.5 that
Sc—e(n) = X for some small ¢ which contradicts the definition of ¢. On the other
hand, if S.(n) # X, then by Lemma 3.5 we have that S.;.(n) # X for some small
¢ which again contradicts the definition of ¢. Thus, c € ¥, , and X, , # 0. O
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4. EXAMPLES

We now present a series of examples showing that all the possibilities (P1)-(P6)
given in Theorem 3.1 can actually appear as the (p,v)-spectrum of (2.1) even in
the case when each A,, is a compact operator. Throughout this section, we assume
that (3.3) is satisfied. Moreover, recall that we denote by A, (m,n) the evolution
operator associated with (2.9) for v € R.

Example 4.1. Let us consider A, : R — R given by A, = 0 for every n € Z. It
is easy to see that, in this case, (2.9) admits a (p, v)-dichotomy with P, = Id for
every n € Z and every v € R. Consequently, ¥, , = () for this sequence of maps
and possibility (P1) actually does occur.

Example 4.2. Let (a,)nez be an increasing sequence such that lim, o o, =
—o0 and lim,,_, ; oo @, = 400 and consider A, : R — R, n € Z, defined by
Qn 41
Az = ad12 W

«
Hn™

Then,
Qm,

A(m,n)z = M’Z;ﬂ x
n

In particular, given v € R we have that

Qm, =7

A,(m,n)r = ——u (4.1)

=y "
n

Now, if (2.9) admits a (u,v)-dichotomy, we have two possibilities: either P, = Id
for every n € Z or P, = 0 for every n € Z. We will show that neither of them
can happen for any v € R. Indeed, suppose (2.9) admits a (u, v)-dichotomy with
P, =1d for every n € Z. Then, by (2.6), it follows that for every n € Z,

mLHEOO A, (m,n) =0.
On the other hand, recalling that lim,, oo tt, = +00 and limy, 4o @ = +00,
by (4.1) we get that lim,, o A,(m,n) = +oo. Thus, (2.9) does not admit a
(i, v)-dichotomy with P, = Id for every n € Z. Similarly, suppose (2.9) admits a
(4, v)-dichotomy with P, = 0 for every n € Z. Then, by (2.7), it follows that for
every n € Z,

mgrgm A, (m,n) = 0.
On the other hand, recalling that lim,, o ttm = 0 and lim,,—, o a,, = —00, by
(4.1) we get that lim,, . o A,(m,n) = +oo and (2.9) does not admit a (u,v)-
dichotomy with P, = 0 for every n € Z. Consequently, v € ¥, ,. Thus, since
v € R was arbitrary, we get that ¥, , = R and possibility (P2) also does occur.

The objective of the next three examples is to build sequences of operators
acting on R for which ¥, , = [a,b] for a <b, ¥, , = [a,+00) and ¥, , = (—00, D],
respectively. This will then be used to build examples having the (p, v)-spectrum
as in (P3), (P4), (P5) and (P6).

Example 4.3. We start with the case ¥, , = [a,b] for a < b. For this purpose,
observe that, since (up)neyz is strictly increasing and

lim w,=0 and lim p, = +o0,
n——oo n—-+00
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there exists ng € Z such that u,, < 1 for every n < ng and u,, > 1 for every n > ny.
Then, given a < b, let us consider A%?: R — R, n € Z, defined as

b
) <MZ+1) 71/”:_156 if n > ng
ab.. " "
AYPx = “
HKnt1 12 :
= ) e if n < ng.

Then, for m > n,

b
(“—) Yo if m,n > ng

1220 Vm

A(m,n)x = Mzob“m Yog ifn<ng<m

2 VUm

a
(”—m> oy ifm,n < ng.

Hn Vm

Consequently, since a < b and v, > 1 for every m € Z, there exists D > 0 such
that

b
A(m,n) < Dy, (Mn)
Hn
for every m > n (in order to verify that this inequality holds for m > ng > n, recall

that u, < 1 for n < ng). Thus, for v > b we have that

—(v=b)
A, (m,n) < D, (’;’”)

for every m > n and (2.9) admits a (u, v)-dichotomy with P, = Id. In particular,

V& Sy
Similarly, for m < n,

b
(”—’") Yo if m,n > ng
bn ) Um

A(m,n)z = MZZLO““—’;L’—"JE ifm<mng<n
a
(m) oy if m,n < ng.
Hn VUm

Thus, since a < b and v,, > 1 for every m € Z, there exists D > 0 such that

1 a
A(m,n) < Dv, <m>

Hn

for every m < n (in order to verify that this inequality holds for m < ng < n, recall
that u, > 1 for n > ng). Consequently, for v < a we have that

—(y—a) —|v—al
A'y(mvn) <Dy, (,Ufm> = Dv, (Mn)
Hn Hm

and (2.9) admits a (u, v)-dichotomy with P,, = 0. In particular, v ¢ X, ..
Now, let us con51der v € [a,b]. Then, we observe that

()"

a—y
(“’") Zog if m,n < no.

”"m if m,n>ng

Vm

Ay (m,n)z =

Thus, analyzing the expression for A, (m,n) in the case when m,n > ng we con-
clude that (2.9) does not admit a (u, v)-dichotomy with P, = Id for every n € Z.
Similarly, analyzing the expression for A,(m,n) in the case when m,n < ny we
conclude that (2.9) does not admit a (y, v)-dichotomy with P, = 0 for every n € Z.
Consequently, v € ¥, ,. Combining our previous observations, we conclude that
Y0 = la,b].
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Example 4.4. We will now modify our construction in Example 4.3 in order to
obtain a sequence of operators acting on R for which ¥, , = [a, +00) for a € R. So,
let ng be as in the aforementioned example, a € R and (a,)nez be an increasing
sequence such that «,, > a for every n € Z and lim,,_, 1 - o, = +00 and consider
A%: R — R, n €Z, defined as

M0n+1

ol to_ g if n>ng
A%y — " Vnl
n$ - i a
ntl v .

foil ) P if .

( Hn ) l’n«l»laj n< 1o

Then, for m < n,

o vy g ifm,n>n

™ Um s 1o 10
Ang =@ pip, v .

A(m,n)z = { fno" #cﬁi cexo ifm<ng<n
a

bm ) Un g if m,n < ng.
bn ) Vm ’

Thus, since «,, > a and v,, > 1 for every m € Z, there exists D > 0 such that

A(m,n) < Dy, <Zm>

for every m < n (recall that u, > 1 > p, for n > ng > m). Consequently, for
v < a we have that

—(y—a) —|y—al
A (m,n) < D, ("”l) = D, (“)
M Hom

and (2.9) admits a (p, v)-dichotomy with P, = 0. In particular, v ¢ X, ..

Let us now con81der v > a. Then, analyzing the expression for A, (m,n) in the
case when m,n < ng, we conclude that (2.9) does not admit a (u, v)-dichotomy
with P, = 0 for every n € Z. On the other hand, observing that for m > n,

Jad v, .
L if m,n > ng
a=Qng pp™ y, :
A(m,n)z = < Hno s ifn<ng<m
a
fm ) Ln g if m,n <ng
Hn VUm ’

and analyzing the expression for A,(m,n) in the case when m,n > ng, recalling
(3.3) and that v, > v for every m sufficiently large, we conclude that A, (m,n) —
+o0o0 as m — +oo. In particular, (2.9) can not admit a (u,v)-dichotomy with
P, =1d for every n € Z. Thus, v € ¥, ,, and, consequently, 3, , = [a, +00).

Example 4.5. Given ng as in Example 4.3 and b € R, let (o, )nez be an increasing
sequence such that «,, < b for every n € Z and lim,,_, ., a,, = —oc and consider
AR — R, n € Z, defined as

b
, (%) VLLx if n>mng
n n
Alx = ot
ntl  Up .
if .
P n < ng

Then, proceeding as in Example 4.4 we can show that if v > b then (2.9) admits a
(s, v)-exponential dichotomy with P, = Id. On the other hand, if v < b then we
can proceed again as above to show that v € £, ,. Thus, ¥, , = (—00, b].

From now on we fix the Banach space

X:{(wn nen € RY Zw <+oo}



16 LUCAS BACKES

endowed with the norm
+00 3
[ (wn)nenllz = (Z wi)
n=0
As promised above, we will use Examples 4.3, 4.4 and 4.5 to build examples of
systems acting on X with spectrum as in (P3)-(P6).
Example 4.6. Given numbers
ap <bg <ap_1<bp_1<...<a <by, (42)
let us consider the compact operator A,,: X — X, n € Z, given by

b b b
Apx = (AM% xq, Ag? 229, ..., ArEPk gy, 0,0, .. .)

for ¢ = (x1,x2,...) € X where A%% s as in Example 4.3 for j =1,2,...,k. We
will now observe that

ZM,V = [al,bl] U [ag,bg] Uu...u [ak,bk].

Let v € R\ U?Zl[aj,bj]. If v > by, let us consider P, = Id for every n € Z; if
v € (bj,a;-1), let us consider

PnI: (0,...,0,:17]‘,Ij+1,...)
for x = (x1,x2,...) and n € Z; and finally, if v < aj, let us consider
Pox = (07 s 707xk+1axk+27 o )

for x = (x1,2,...) and n € Z. Then, (2.9) admits a (u, v)-dichotomy with these

Y aibs
projections since by Example 4.3 we have that ((;‘11) A?ﬁ’bj> admits either
" neE”Z

a (u, v)-contraction or a (u, v)-expansion for each j = 1,2,..., k. Therefore, ¥, , C

U§:1 [a;,b;]. Let us now prove that the reverse inclusion also holds.

We will proceed by contradiction. Suppose there exist j € {1,...,k} and v €
[aj,b;] such that (2.9) admits a (u, v)-dichotomy with projections (P,)ncz. Let us
consider the one-dimensional subspace X; C X which consists of all the elements
of X of the form (0,...0,z;,0,...) with z; € R. Then, 4,X; = X; for every

n € Z and, consequently, either X; C Im P, for every n € Z or X; C Ker P, for
v
every n € Z. In particular, the action of ((“—”) An) restricted to X, which
neZ

Hn+41

T aibs
is basically given by ((M’LL) A?i’b]> . must be either a (u,v)-contraction or
ne

a (u,v)-expansion. On the other hand, we have observed in Example 4.3 that
this is not the case, giving us a contradiction. Therefore, combining the previous
observations we conclude that X, , = U?Zl[aj, b;].

Example 4.7. Given numbers as in (4.2), let us consider the compact operator
Ap: X = X, n €7, given by

a az,b ag,b
Apx = (Ab xy, A% %209, 0 AZ PRy 0,0, .. )

for x = (z1,22,...) € X where A* is as in Example 4.4 and A?ﬂ’bj is as in Example
4.3 for j = 2,...,k. By proceeding as in Example 4.6 we conclude that

E/,L,V = [a;“bk] Uu...u [a27b2] U [al, +OO)

Now, combining Examples 4.6 and 4.7 and recalling that in both cases ;. = —c0
we conclude that possibility (P3) does occur.
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Example 4.8. Let us again consider numbers as in (4.2) and let 4,,: X — X,
n € 7, be given by

a asz,b ap—1,bp— by
Apx = (A% xqy, A8 00, o A%—10k—1 o ARy, 0,0,...)

for x = (x1,22,...) € X where A** is as in Example 4.4, A% s as in Example 4.3
for j =2,...,k—1 and A% is as in Example 4.5. Proceeding again as in Example
4.6 we conclude that

Y0 = (—00,bg] Ulag—1,bk—1] U... UJaz, b2] U [a1, +00).
Then, since each A,,, n € Z, is a compact operator, we have that k;. = —oo and,
consequently, possibility (P4) also does occur.
Example 4.9. For our next example, consider numbers
o<az3<bz<ap<by<as <b (4.3)
with lim a; = —oo and let A,,: X — X, n € Z, be given by

Jj—+o0
Apz = (AD 0y A2y A%bs g )

for © = (z1,22,...) € X where A% g as in Example 4.3 for 7 = 1,2,3,.... Then,
each operator A,, n € Z, is compact. Indeed, given the canonical basis (e;);en of
X, we have that Ane; = Aje; for every j with limj 4 A; = 0. Thus, since X
is a separable Hilbert space, it follows by [18, Proposition 4.6] that A,, is compact
as claimed. In particular, ¥jc, = 3, ,. Now, proceeding as in Example 4.6 we

get that ¥, , = jzoi [a;,b;]. Similarly, changing A21:*1 by A% in the definition of
A, above where A% is as in Example 4.4, we get an example of dynamics having
Yy = j+:o§ [a;,b;] U [a1,+00). This shows that possibility (P5) also occurs.
Example 4.10. For our final example, consider numbers as in (4.3) with jEIJPoo aj =:
boo € R. Then, let A,,: X — X, n € Z, be given by

Apz = (Aboxy, Alxy, A%25, A3y, .. )

for x = (1, 22,...) € X where A%~ is as in Example 4.5 and A7 : R — R

b.
. (7“"“)] oy ifn>mng
Ay — Hn U
" Hnt1 g 1 :
( e ) Y if n < ng
for j =1,2,3,..., y € R and ng as in Example 4.3 where o, ; > 1 are numbers

such that o, ; — +o00 as j — +oo and [[, .,
take, for instance, o, ; =1 + je~1"1). In particular, Al — 0 as j — +oo and, by
[18, Proposition 4.6], A,, is compact and Y, = ¥, . In fact, this last fact is the

ap; < +oo for every j (we may

reason why we have used A7 instead of Ay’ b7 4o construct the operator A,.

Then, proceeding as in Example 4.3 we obtain that the (u,v)-spectrum of
(A7) nez is [aj,b;] for j = 1,2,3,.... Finally, using this observation and Exam-
ple 4.5 and proceeding as in Example 4.6, we conclude that the (u,v)-spectrum of
(An)nez is equal to (=00, boo] U2, [ay, bs]. Similarly, changing A}, by A% in the
definition of A,, where A%' is as in Example 4.4 we get an example of dynamics
with (p, v)-spectrum equal to (—00, bso] U Uj‘;2[aj, b;] U a1, +00). This shows that
possibility (P6) also does occur.

5. VARIATIONS OF THE (f,V)-DICHOTOMY SPECTRUM

In this section we consider two slight variations of the notion of (u, v)-dichotomy
considered in the previous sections and present a classification of the dichotomy
spectrum associated with these notions.
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5.1. Generalized (u,v)-dichotomy spectrum. We say that (2.1) admits a gen-
eralized (u,v)-dichotomy if conditions (2.4) and (2.5) are satisfied and, moreover,
there exist D, A > 0 and 6 > 0 such that

-\
A(m,n)P,|| < Dvf i for m >n
[A(m,n) AW

and \
| A(m, n)(Id —P,)|| < D’ <,Un) form <n
Hm
where A(m,n) is as in (2.8) for m < n. Observe that in the case when 6 = 1 we
recover the notion of (u, v)-dichotomy.

We define the generalized (u,v)-dichotomy spectrum of (2.1) as the set of all
numbers v € R for which the system (2.9) does not admit a generalized (p,v)-
dichotomy and denote this set by %9 ,. The set pf , := R\ X, is called the
generalized (j1,v)-resolvent set of (2.1). It is easy to see that X9 , C ¥, , and, in
general, we may have ¥ , # X, , as we show in the next example.

Example 5.1. For n € Z, let u, = €™ and

1 ifn=0or |n| =2F for some k € N
Vp =
[n| otherwise.

Now, let A,,: R — R be given by

v
Apx = _Hn_ 5—x for every x € R.
Hn+1 Vg
Thus,
2 I+~ 2
v v,
A(m,n) = M—n—;’ and A,(m,n) = (Mn) —
Hm Vi Hm Vm

for every v € R and m,n € Z. Consequently,

v2e~(HNm=)if ;= 0 or |m| = 2* for some k € N
Ay (m,m) = (51)

2
%e*(Hv)(m*”) otherwise.

Then, it is easy to see that, for every v > 0, the system (2.9) admits a generalized
(s, v)-dichotomy with parameters D = 1, A =1+, § = 2 and P, = Id for every
n € Z. In particular, [0, +00) N3 , = (). On the other hand, (2.9) does not admit
a (p, v)-dichotomy for any v > 0. Indeed, suppose (2.9) admits a (u, v)-dichotomy
for some v > 0. Then, by the second line in (5.1) we have that P, = Id for every
n € 7Z. Consequently, there exist D > 0 and A > 0 such that, for every k € N|
m = 2% and m > n,
Ve~ (HnNm=n) < p, e=Am=n)

which is equivalent to
v, < Delltr=A(m=n)

In particular, taking n = 2¥ — 1 we get from the previous inequality that
2% — 1 =y < DMt
which is a contradiction since k € N is arbitrary. Therefore, [0,+0c0) C X, , and

S # 5,

Remark 5.2. We observe that in [31], Silva considered a similar notion of spectrum
for continuous time invertible dynamics acting on a finite-dimensional space in the
particular case where v is given in terms of i and, moreover, the exponent # in the
definition of the dichotomy has some restrictions based on .
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In the next result, we describe the structure of the set X9-%ic := %9 N (kic, +00).

Theorem 5.3. Suppose k;. < 0 and that for every e > 0 condition (3.3) is satisfied.
Then X9, has one of the forms given in (P1)-(P6). Moreover, conclusions (3.4),
(3.5), (3.6), (3.7) and (3.8) are also satisfied. Furthermore, all the forms (P1)-(P6)
do appear as the generalized (p, v)-dichotomy spectrum of compact operators.

Proof. The proof of this result follows the same lines, mutatis mutandis, as the
proof of Theorem 3.1. Moreover, it is easy to adapt the examples presented in
Section 4 to the present context. O

5.2. Nonuniform p-dichotomy spectrum. We say that (2.1) admits a nonuni-
form p-dichotomy if conditions (2.4) and (2.5) are satisfied and, moreover, there
exists A > 0 so that for each 6 > 0 there exists D = D(#) > 0 such that

—A
| A(m, n)P,|| < Dysen()? <Mm> for m > n
L

n
and
—A
L A(m, n)(Id —P,)|| < Dysn(me (“) for m < n
7

where A(m,n) is as in (2.8) for m < n and sgn(n) denotes the “sign” of n.
Similarly to what we did above, we define the nonuniform p-dichotomy spectrum
of (2.1) as the set of all numbers v € R for which the system (2.9) does not admit
a nonuniform p-dichotomy and denote this set by Eﬁ’ . The set ,ofy =R\ EIJLV is
called the nonuniform p-resolvent set of (2.1). Observe that letting ng € Z be such
that p,, <1 for n < ng and p, > 1 for n > ny as in Example 4.3 and considering

tn ifn>mng
VTL = —1 .
- if n < no,

we have that
N
Efw CYu,CX,.

Moreover, in general, we have that ¥, , # Zﬁ[.

Example 5.4. For n € Z, let p, = €™ and v, = elnl, Moreover, let A,: R — R be
given by

- (n+1) cos(n#z»l)—n cos(n)

Ax=e x for every x € R.

Then,
m cos(m)—mn cos(n)
2

A(m,n) = e~ B(m=—n)+
for every m,n € Z. Now, it follows from [6, Example 2] with ¢ = 5/2 and b = 1/2
that Zﬁ[ = R. On the other hand, we have that

—2
A(m,n) < e~ m=m+ =L o 2mm)tinl _ (W)
a B L

for every m > n. In particular, 0 ¢ ¥, , and ¥, , # %
In the next result, we describe the structure of the set Zﬁ[”“c = Zﬁ[ N (Kic, +00).

Theorem 5.5. Suppose k;. < 0. Then Eﬁ[’”” has one of the forms given in (P1)-
(P6). Moreover, conclusions (3.4), (3.5), (3.6), (3.7) and (3.8) are also satisfied.
Furthermore, all the forms (P1)-(P6) do appear as the nonuniform p-dichotomy
spectrum of compact operators.

Proof. The proof of this result again follows the same lines, mutatis mutandis, as
the proof of Theorem 3.1 and, moreover, the examples presented in Section 4 can
be easily adapted to the present context. ]
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Remark 5.6. We observe that by taking u, = e” for every n € Z, our notion
of nonuniform p-dichotomy spectrum coincides with the spectrum introduced and
studied in [6]. In particular, in this case, our Theorem 5.5 recovers [6, Theorem
4]. Furthermore, in [5] the authors consider a notion similar to our concept of
nonuniform p-dichotomy spectrum whose main difference is that they work with
finite-dimensional invertible systems and use the notion of strong nonuniform pu-
dichotomy to define the spectrum instead of just that of nonuniform p-dichotomy
as we do.

Remark 5.7. Versions of the results from Section 3.2 can also be obtained for the
generalized (u, v)-dichotomy spectrum and the nonuniform p-dichotomy spectrum.

6. COHOMOLOGY AND NORMAL FORMS

Many of the applications obtained for the classical Sacker-Sell spectrum can
be adapted to obtain versions in terms of the spectra introduced above. In this
section, we present two such adaptations and show how the nonuniform p-dichotomy
spectrum can be used to “reduce” (2.1) into a system which has a block-diagonal
form and comment on how one can use this spectrum to obtain normal forms of
certain nonautonomous systems. We follow the ideas developed in [8, 27, 29].

6.1. Cohomology. We say that a sequence (T, )nez of invertible linear maps in
B(X) is p-tempered if for every € > 0,
T, T-1
lim Tl =0 and lim AT, =0 (6.1)
n—-+oo ,sgn(n)e nStoo ,,sgn(n)e
HUn Hn

where as above sgn(n) denotes the “sign” of n. Two sequences (A, )nez and (Bp)nez
are said to be p-cohomologous if there exists a sequence of pu-tempered linear maps
(T))nez such that

B, =T, A,T,. (6.2)

Proposition 6.1. If (A,)nez and (Bp)nez are p-cohomologous then they have the
same nonuniform u-dichotomy spectrum.

In what follows, we are going to denote by B(m,n) the evolution operator asso-
ciated to (Bp)nez which is obtained by changing Ay by By, k € Z, in (2.2).

Proof of Proposition 6.1. Let v € pﬁf (A) where pﬁ’ (A) denotes the nonuniform u-
resolvent of (A, )nez. Then (2.9) admits a nonuniform p-dichotomy. That is, there
exists a family of projections (P, )nez such that (2.4) and (2.5) hold and, moreover,
there exists a constant A > 0 such that for every 6 > 0 there exists D = D(0) > 0
satisfying

~ -
[(22) amar,| < oo () 7 dormza (03
Hm Hn
and
~ -
[(22) Ama-r| < pagee (£2) 7 dorm<n (o

Then, considering the family of projections (ﬁn)nez given by P, = T, P, T,,
conditions (2.4) and (6.2) imply that B, P, = P, 1 B,. Moreover, conditions (2.5)
and (6.2) imply that

B |ker 5, Ker P, — Ker Pn+1

is invertible.
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Now, using (6.1) we have that for every e € (0,\/2) there exists C. > 0 such
that ||T,] < Cops2 ™ and 1T < C.152" ™% for every n € Z. Thus, using (6.2)
and (6.3), for m > n we have the following possibilities:

em>0andn <0:

() o

M vy
= H (u”) T,V A(m,n) P, T,

1 Hn K
< I H(M) Alm, )P,

-2
< Dluflgn(n)ﬂC«Euign(n)scglui’gln(m)s ('um)

229
—A+te
= DC2sen(m)? (/;m)

—Ate
< Dysen(m0+29) (Nm)
Hn

for some D > 0 where here we have used that lim,, oy, = 0 and, in particular,
uflgn(")a < uflgn(")(ewe) for n small enough;
e m,n > 0:

o -2
H <Z”> B(m,n)B,|| < DC2ysen(m)f sen(n)e san(m)e (P“")

Hin
—A+
— DOl 12 (Nm> :

n

—Ate
< DO2psEn (O +2) (Nm>
fin

o . -
[(22) B | < Doz e g (1)

fin

—A—¢
= DC2p, "y (T)

n

—A—¢
< b (£
Hn

Thus, combining the previous observations and taking A= A/2 > 0 we get that
for every 6 > 0 there exists D = D(6) > 0 such that

()

Similarly we can prove that

5 -
< b,uflgn(")e (,um) for m > n.
fin

. X
< Duflg“(")‘g (,un> for m < n.
Hm

() w5

Consequently, v € pﬁ’ (B) showing that pﬁ] (A) C pﬁ[ (B). By changing the roles of
(An)nez and (By)nez in the previous argument we conclude that plY (B) C pp (A)
completing the proof of the proposition. O
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6.2. Block-diagonalization. Our next objective is to show that a sequence (A )necz
of bounded linear operators satisfying x;. < 0 is pu-cohomologous to one in block
form. For this purpose, given integers k1 < ko < ... < kg, by Theorem 5.5 we may
write

X =F(n)® @ Ex, (n) (6.5)
j=1
for every n € Z where
F(n) = Scks+1 (Tl) S3) Uckl—l (n) D @ Ej (n)
jes

and S = (NN [k, kq]) \ {k1, k2, ..., ks}. Denote by n; := dim(FEy,(n)), which is
finite and independent of n € Z, and consider d = ny +ng + ... + n,.

Theorem 6.2. Let (A,)nez be a sequence of bounded linear operators such that
Kie < 0 and with decomposition as in (6.5). Then, (An)nez is p-cohomologous to
a sequence (Bp)nez of linear operators from R? x F(n) to RY x F(n 4+ 1) with

Bn = dzag(Bin B?m ERR) BZ+1)

where BY = (B)nez is a sequence of invertible n; x n; matrices associated with
the spaces Ey,(n) with

SV (BY) = [ag,, br,], forj=1,...,s,
and
By = Aplpmy: F(n) = F(n +1).

Proof. The proof of this result can be obtained by making minor adjustments in
the proof of [8, Theorem 19] and, therefore, we refrain from writing full details. O

6.3. Normal forms. For x € X, let us write z = (z!,... 2% 2°!) with 2/ € R"%
for j =1,...,5 and 2°t! € F(n). Observe that x°T! depends on n but, since this
dependence is clear from the context, we will abuse notation and not write it. Given
a vector ¢ = (q1,-..,qs) € N°, we define |¢| = q1 +...+¢s and 99f, = 9%} - - - 9 f..

Theorem 6.3. Let (A,)nez be a sequence of bounded linear operators such that
Kie < 0 with decomposition as in (6.5) and suppose that f,: X — X are maps of
class C"™ with f,(0) =0 and dofr, =0 for every n € Z. Moreover, suppose that for
each € > 0 there exists K = K(g) > 0 such that

Id3 fall < Ko (6.6)

for2 <|q| <r and every n € Z. Then, there exists a u-tempered sequence of linear
operators (T )nez such that if (x,)nez satisfies

Tn41 = Anxn + fn(xn)v n e Z7
then y, = T, 'z, satisfies
Ynt1 = Bnyn + gn(yYn), ne€Z (6.7)

for some linear operators B,, as in Theorem 6.2 and some maps g,: X — X of
class C" with g,(0) = 0 and dog, = 0 for every n € Z having the property that for
each € > 0 there exists L = L(e) > 0 such that

d2g,|| < Lussme (6.8)

for2 <|q| <r and everyn € Z.
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Proof. By Theorem 6.2, there exists a u-tempered sequence of linear operators
(T)nez and linear operators (By,)nez of the form given in the cited theorem such
that B, = Tn__&lAnTn. Thus, making y,, = T, *x,, and considering g,, = n‘_&l ofno
T,, we have that
Yn41 = Tn__&lxn+1 = Tn__&lAn‘rn + Tn__&1fn(xn)
= Tn_-&lAnTnyn + Tr:-&lfn(Tnyn)
= BnYn + gn(Yn)-

Finally, condition (6.8) follows directly from (6.1) and (6.6). O

Given j € {1,2,...,s} and ¢ € N® with |g| > 2, we say that the pair (j,q) is a
resonance of order |q| if

lak,» be, 1) Zqz*akﬂzqibki] #0 (6.9)
i=1 i=1

where k1 < ... < k, are as in Section 6.2.
Now, let g,,: X — X be maps of class C" satisfying g, (0) = 0 and dyg,, = 0 for
every n € Z. We have

1 s
gn(@) = D =digaz?+o(|z|"). (6.10)
q€Ns,2<|g|<r

Then, writing

Gn = (90,92, .., 95, 95),

(recall that we are identifying X with R™ X ... x R™ x F(n)), we say that the
component (1/¢!)ddg?,x? in (6.10) is resonant if the pair (j,q) is a resonance.

Theorem 6.4. Let (Bp)nez be a sequence of linear operators as in Theorem 6.2
and gn: X — X be maps of class C" with g,(0) = 0 and dog, = 0 for every n € Z.
Moreover, suppose that for each € > 0 there exists L = L(e) > 0 satisfying (6.8).
Then, there exist polynomials hy,: R* — R® with h,,(0) = 0 and doh, = 0 for every
n € Z such that, if (yn)nez satisfies (6.7), then making

yh =2+ h (2, 2)
forje{1,....s} and ystt = 23+ for every n € Z, we get that
Zn+1 = ann + gn(zn)a n < Z7

for some maps g,: X — X of class C" with g,(0) = 0, dog, = 0 and dig) =
foralln € Z, j € {1,...,s} and g € N° with 2 < |q| < r such that (j,q) is not a
resonance, where gl are the components of Gy,.

Proof. The proof of this result is analogous to the proof of [8, Theorem 21] and,
therefore, once again we refrain from writing full details. O

Remark 6.5. We observe that reducibility results and normal forms associated
with the p-dichotomy spectrum studied in [31] were recently obtained in [12, 31] in
the context of continuous time dynamics acting on a finite-dimensional space.
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