LIPSCHITZ SHADOWING FOR CONTRACTING/EXPANDING
DYNAMICS ON AVERAGE

LUCAS BACKES ©® AND DAVOR DRAGICEVIC

ABSTRACT. We prove that Lipschitz perturbations of nonautonomous con-
tracting or expanding linear dynamics are Lipschitz shadowable provided that
the Lipschitz constants are small on average. This is in sharp contrast with
previous results where the Lipschitz constants are assumed to be uniformly
small. Moreover, we show by means of an example that a natural extension
of these results to the context of linear dynamics admitting an exponential
dichotomy does not hold in general.

1. INTRODUCTION

Let X = (X, ]|+ ||) be an arbitrary Banach space, (A, )nen & sequence of bounded
linear operators on X and f,: X — X, n € N a sequence of arbitrary maps. We
consider the associated (possibly) nonlinear and nonautonomous difference equation
given by

Tpt1 = ApTp + fn(zn), neN. (1.1)

We recall that (1.1) is said to exhibit Lipschitz shadowing (or Hyers-Ulam stability)
if there exists L > 0 with the property that for each ¢ > 0 and any sequence
(yn)nGN C X with

Sup [|Yn+1 — Anyn — fulyn)ll < e,
neN

there exists a solution (2, )neny C X of (1.1) satisfying

sup || zn — ynl| < Le.
neN

It is proved in [1] that (1.1) is Lipschitz shadowable provided that the following
holds:

(a) the sequence (A, )nen admits an exponential dichotomy (see Definition 4.1);
(b) there exists a sufficiently small ¢ > 0 such that

[ fu(@) = fu@)l < cllz —yll, zyeX, neN. (1.2)

For related results which deal with the case when f,, = 0 and the sequence (A, )nen
is either constant or periodic, we refer to [5, 7, 8, 9] and references therein. More-
over, in [2, 14] one can find related results without any periodicity assumptions on
(A,)nen and without the requirement that maps f,, vanish. Finally, Lipschitz shad-
owing of nonlinear and nonautonomous difference equations with delay is discussed
in [4, 10]. For a detailed survey on shadowing in the context of smooth dynamics
we refer to [12, 13].

It is natural to ask whether it is possible to ensure that (1.1) exhibits Lipschitz
shadowing by relaxing condition (b), i.e. without requiring that nonlinearities f,,
are uniformly Lipschitz with a sufficiently small Lipschitz constant.
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The main objective of the present paper is to formulate positive results in this
direction. More precisely, we prove (see Theorems 2.4 and 3.2) that (1.1) exhibits
Lipschitz shadowing provided that the sequence (A )nen is either exponentially
stable or expanding, and that each f, is a Lipschitz map with a Lipschitz constant
Dn, where the sequence (p,,)nen C (0,00) satisfies only certain smallness in average
condition (see (2.4) and (3.3)). These conditions allow that for some values of n,
pn, can attain arbitrary large values.

In fact, our results are more general and deal with the case when the sequence
(Ap)nen is nonuniformly exponentially stable or expanding, yielding shadowing
results in the spirit of those discussed in [2]. In addition, by constructing an explicit
example (see Example 4.3) we illustrate that our assumptions on the sequence
(An)nen cannot be relaxed. More precisely, in the case when (A, )nen admits an
exponential dichotomy (with both stable and unstable subspaces being nontrivial),
it is impossible to deduce Lipschitz shadowability of (1.1) under only “smallness in
average” condition for the sequence (p,)nen.

Consequently, in comparison with our previously described results from [1] we
are able to substantially relax the condition (1.2). On the other hand, we impose a
more restrictive condition on the sequence (A,,),en by requiring that it admits an
exponential dichotomy with either stable or unstable subspaces being trivial.

Finally, we stress that besides considering the case of discrete time, we also deal
with the case of continuous time (see Theorems 2.7 and 3.7).

Besides our previous work, our arguments are inspired by the work of Nam [11]
who obtained similar results in the one-dimensional case (i.e. X =R or X = C).

2. THE CONTRACTING ON AVERAGE CASE

In this section we consider the case of dynamics that is contracting on average.
All throughout the paper, let X = (X, ||-]|) be an arbitrary Banach space and denote
by B(X) the space of all bounded linear operators equipped with the operator norm
which we also denote by || - |.

2.1. The discrete time case. Given a sequence (A, )nen in B(X), let us consider
the associated linear difference equation

Tn+1 = Apzn, n €N, (2.1)
For m,n € N, the evolution operator associated to (2.1) is given by

Am— e An >ng
Alm,n) = 4 "7 mo

Id m=n,
where Id denotes the identity operator on X.

Definition 2.1. Let v = (v, )nen be a sequence of positive numbers. We say that
(2.1) or that the sequence (A )neny C B(X) is v-nonuniformly exponentially stable
if there exist D, A > 0 such that

| A(m,n)|| < Dupe 2™ m > n. (2.2)

Remark 2.2. We note that the classical concept of (uniform) exponential stability
corresponds to the choice v = (v, )nen, where v,, = 1 for each n € N,

Example 2.3. Let X =R, choose w < 0 and € > 0, and set
A, = ewtel(=D"n=1/2] -y e N,

Then, (2.1) is v-nonuniformly exponentially stable with v,, = €™, n € N. Moreover,
if € > 0 then (2.1) is not (uniformly) exponentially stable. We refer to [6, Example
1] for details.
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Theorem 2.4. Let (Ap)nen C B(X) be a sequence that is v-nonuniformly stable.
Moreover, let (fn)nen be a sequence of maps fn: X — X with the property that
there is a sequence (pp)nen C (0,00) such that

| f(@) = fa)| < 22 llz —y| forn €N andzy e X. (2.3)

Vn+1

Finally, we assume that

n—1 %
lim (H (e_)‘ + Dpi)> =p for some p e (0,1), (2.4)

n—oo \ -
=0

where D;\ > 0 are such that (2.2) holds. Then, there exists a constant L > 0 such
that for each € > 0 and any sequence (Yn)nen C X satisfying

3

||yn+l - Anyn - fn(yn)H S ne N7 (25)

Vn+1
there ezists a sequence (T )nen C X with the properties that
Tnt1 = AnTp + fn(z,) neN, (2.6)

and

sup || zn — ynl| < Le. (2.7)
neN

In particular, when sup,,cy vy, < 00 we have that (2.6) is Lipschitz shadowable.

Proof. For n € Nand z € X, let

ol = sup ([lA(m, n)alle*=) .
m>n

By (2.2) we have that

lz]] < |lzlln < Duyllz||, forneNandze X. (2.8)

Observe that
HA(man)ﬂC”m = sup (”A(kj’m)A(mvn)x”eA(kfm))
k>m

= 0 sup ([ Ak, m)afjeX )

k>m

< e sup LAk )X
k>n

< e N,
for m > n and x € X. We conclude that
|A(m, n)z|lm < e ™™ ||z]|,,, form >nand z € X.

In particular,
|Apz|ni1 < e |z|n, forneNandze X. (2.9)

Let (yn)nen C X be a sequence satisfying (2.5) for some ¢ > 0. We define a sequence
(Zn)nen C X recursively. Namely, we set xg := yo and @11 = Apxn + fn(zy,) for
n € N.
We claim that
n—1 n—1
ln — valla < D=3° T (¢ +Dps), neN, (2.10)
§=0i=j+1
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with the convention that HZ :=1if j < i. For n = 0 there is nothing to prove.
Suppose that (2.10) holds for n € N. By (2.3), (2.5), (2.8) and (2.9) we have that

%41 = Ynt1llnta

= [[Anzn + fu(@n) — Yn+1llns

<N An(@n = yn) + fr(®n) = fa(yn)lnt1 + 1 Anyn + fro(Yn) — Ynsillnss

< e Man = ynlln + 1 Fn(zn) = faadlnsr + [ Anyn + falyn) = ynsillnta

< M — yalla + D | Fa(@) = Fal)ll + Drir [ Antin + Fu(yn) — v
<e AIISUn — Ynlln + Dpnllen — ynll + De

n—1 n—1
< De(e ™+ Dpn) > ] (e +Dpi) + De
J=01=75+1
—DEZ H (e™> + Dp;) + De
Jj=01i= J+1
= pey" IT 7+ Dno,
j=01i=j+1

yielding (2.10). On the other hand, in the proof of [11, Theorem 2.4] it is proved
that (2.4) implies that there exists ¢ > 0 such that

Zn:ﬁ —l-DpZ_ c, néeN.

j=01i=
Hence, (2.8) combined with (2.10) gives that

[z — ynll < |z — Ynlln < cDe neN.
Therefore, setting L := ¢D > 0 we conclude that (2.7) holds. O

Remark 2.5. We note that (2.4) is trivially satisfied if p, = ¢ with ¢ > 0 and
e~ + Dc < 1. In this case, Theorem 2.4 follows from [1, Theorem 5] when v,, = 1,
n € N.

Let us now illustrate that Theorem 2.4 is more general. For this purpose, fix
arbitrary p € (e7*,1) and C > 0. We define a sequence (p,)nen by

_ p_gﬂ if n is not of the form 10* for k € N;
br C if n = 10* for some k € N.

It is straightforward to verify that (2.4) holds. On the other hand, clearly, if C' is
such that e=* + DC > 1, we do not have that sup,,cy(e™* + Dp,) < 1.

2.2. The continuous time case. Let us now discuss the case of continuous time.
Let A: [0,00) — B(X) be a continuous map and consider the associated linear
nonautonomous differential equation given by

¥ =A(t)z, t>0. (2.11)
By T'(t,s) we will denote the evolution family associated to (2.11).

Definition 2.6. Let v: [0,00) — (0, 00) be an arbitrary function. We say that (2.11)
is v-nonuniformly exponentially stable if there exist D, A > 0 such that

|T(t,s)|| < Du(s)e =9 t>5>0. (2.12)
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Theorem 2.7. Suppose that (2.11) is v-nonuniformly exponentially stable. More-
over, let f:]0,00) x X — X be a continuous map with the property that there is a
locally integrable function p: [0,00) — (0,00) such that

p(t
I£2) = )l < B e —ull, zye X, 20 (213)
Set p,, := f"+1 (t)dt for n € N and suppose that P := sup,,cy €’ < 400 and
n—1 %
li_>m (H (e + DPDpi)> =p for somepe€ (0,1), (2.14)
n (oo}
=0

where D, A > 0 are such that (2.12) holds. Then, there is a constant K > 0 such
that for each € > 0 and any continuously differentiable function y: [0,00) — X
satisfying

Iy () = AWy = Ty < o5 120, (2.15)
there exists a function z: [0,00) — X such that
a'(t) = A(t)z(t) + f(t, z(t)) t >0, (2.16)
and
sup la(t) — (o) < K. (2.17)

In particular, if sup,~o v(t) < 400, then the differential equation (2.16) is Lipschitz-
shadowable.

Proof. By U(t, s) we will denote the nonlinear evolution family corresponding to (2.16),
ie. t — U(t,s)v is the unique solution of (2.16) with value v at time s. By the
variation of constants formula we have that

t
U(t,s)x =T(t,s)x + / T, r)f(r,U(r,s)x)dr, fort>sandze X. (2.18)

Set
Ap:=Tn+1,n), neN
For s > 0 and x € X, let

el = sup (70, s)a|eXe)

Then,
2| <llzlls < Dv(s)||zl|, forz € X and s> 0. (2.19)
Moreover, one can easily show that
IT(t, s)z|: < e 9 ||zlls, t>s>0. (2.20)

Observe that it follows from (2.13), (2.18), (2.19) and (2.20) that for z,y € X and
t>s>0,

10t 5) - Ut )yl < 1T )@ — )l
/nTtr (1, U(r,5)2) — £, U5, $)y) |l dr

< Mgy,
+ﬂ:*“”meMQ@—fmUMmew

< e gy,

+D/ M=) () [T (s 8)2 — U(r, 8)yl| dr.
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By Gronwall’s lemma, we conclude that
U, s)x —U(t, s)yl|l: < eDfstp(T)der —ylls, fort>s>0andz,ye X. (2.21)
For n € N and z € X, set

n+1
falx) = / Tn+1,7)f(r,U(r,n)x)dr. (2.22)

Then, (2.13), (2.19), (2.20) and (2.21) give that
n+1

1£00) = Fu@llas £ [ 1T+ L) Ulrm)a) = £ U)o dr

n

n+1
< [ I 0t mye) 10U
< D/ |U(r,n)x —U(r,n)yll, dr

il n+1
< Dl — yllpeP L2 ) dr / p(r) dr,

which implies that
||fn('r) - fn(y)Hn-i-l < D'PDanl‘ - yHm forn € Nand z,y € X.

Furthermore, by (2.18) we have that A, + f, = U(n 4+ 1,n) for every n € N.
Let € > 0 be arbitrary and choose a continuously differentiable function y: [0, 00) —
X satisfying (2.15). Fix n € N arbitrary and let §: [n,00) — X be the solution
of (2.16) on [n,c0) such that §(n) = y(n). Then,

y'(t) =g (t) = At)(y(t) — g(t)) + f(t,y(t) — f(t,5(1)) + 2(t)
with z(t) :== ¢/ (t) — A(t)y(t) — f(t,y(t)) and, consequently,
y(t) = g(t) = T(t,n)(y(n )+ [ T (f(ry(r) = flr,g(r)) dr

+ / D(tr)2(r) (2.23)

= [ TN - S dr+ [ 1)

n

for ¢ > n. Hence, by (2.13), (2.15), (2.19) and (2.20) we have that

ly(®) —g(B)l: < D/ e Mp(r) ly(r) — g(r) || dr +/ e l2(r) | dr

n

<D:4D / Aly(r) - g, dr,

for n € N and t € [n,n + 1]. By applying Gronwall’s lemma we conclude that
ly(t) —g(t)|: < DPPe forn €N, t € [n,n+1],
which in particular implies that (recall that A, + f, = U(n+1,n))
ly(n +1) = Any(n) = fu(y(n))lln+1 < DPPe, neN.

It follows from the proof of the previous theorem that the sequence (z,)nen C X
given by zo = y(0) and 41 = Apzy + fn(z,) for n € N satisfies

lxn —yn)||n < Le neN, (2.24)
where L > 0 depends only on D, A and the sequence (p,,),. We set
z(t) :=U(t,n)z,, forneNandte n,n+1). (2.25)
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Then, x is a solution of (2.16). For n € N and ¢ € [n,n + 1) we have that
2(t) =y (t) = A@)(x(t) —y(t) + f(t,2(t)) = f(t, y(t) — 2(t)

where z(¢) is as defined above. Consequently,
t

a(t) —y(t) =T(t,n)(x(n) —y(n)) + / T(t,r)(f(r,z(r)) — f(r,y(r)))dr
n (2.26)

- /n75 T(t,r)z(r)dr,

for t € [n,n + 1]. From this we get (using (2.13), (2.15), (2.19), (2.20) and (2.24))
that

z(t) =y(@)lle < llzn —y(n)lln + De + D/ p(r)llz(r) —y(r)l, dr

t
<D+ D+ D [ plr)lalr) = y(0)],

for t € [n,n + 1]. Finally, Gronwall’s lemma gives us that
l2(t) = y(O)] < l2(t) = y(B)lls < (D + L)PPe,

yielding that (2.17) holds with K := (D + L)P®? > 0. The proof of the theorem is
completed. 0

3. THE EXPANDING ON AVERAGE CASE

In this section we consider the case of dynamics that is expanding on average.

3.1. The discrete time case. Let (4, )nen be a sequence of invertible bounded
linear operators in B(X) and consider the associated linear difference equation (2.1).
In this case, besides considering the evolution operator A(m,n) for m > n, we may
also consider

A(m,n) = A;zlAr_riH o A;il
for m < n.

Definition 3.1. Let v = (v,)nen be a sequence of positive numbers. We say
that (2.1) or that the sequence (A,)nen C B(X) is v-nonuniformly exponentially
expanding if there exist D, A > 0 such that

| A(m, n)|| < Drpe =™ for m < n. (3.1)

Theorem 3.2. Let (A,)nen C B(X) be a sequence which is v-nonuniformly ex-
ponentially expanding. Moreover, let (fn)nen be a sequence of maps fn: X — X
such that A, + fn is surjective for every n € N and with the property that there is
a sequence (pp)nen C (0,00) such that

1folz) = fu)]| < L2 |lz —y|| forneN andaz,ye X. (3.2)
Un+1

Finally, we assume that

n—1 n
lim (H (e* - Dpi)> =p for some p € (1,00), (3.3)

n—oo \ -
=0

where D, X\ > 0 are such that (3.1) holds. Then, there exists a constant L > 0 such
that for each € > 0 and any sequence (Yn)nen C X satisfying
€

||yn+1 - Anyn - fn(yn)H S ne N7 (34)

VUn+1
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there exists a sequence (Tn)nen C X with the properties that
Tn41 = Anxn + fn(xn) n < N7 (35)

and
sup || zn — ynl| < Le. (3.6)
neN

In particular, if sup,envn < +00, then the difference equation (3.5) is Lipschitz
shadowable.

Proof. For x € X and n € N, set
ol i= sup (LA(m, n)alle =)

m<

Then, using (3.1), we get that for every z € X and n € N,
2] < [lzlln < Drnllz|. (3.7)
Moreover,
A, )|l < e 2],
for m <n and z € X. In particular,

Izlln < e M| Anzllnt

for every n € N and =z € X. Furthermore, we observe that
[fn(2) = fa@)lln+1 < Dvppal[fa(@) = fu(@)ll < Dpnllz =yl < Dpallz — ylln,
for 2,y € X and n € N. Hence, making F,, := A,, + f,, and ¢, := ¢* — Dp,, we have
that
[En(z) = Fn(@)llns1 = |Ant = Anyllnsr = [fn(2) = fu(®)llns
> (X = Dpn) [z = ylln
= aqnllz = ylln,
for x,y € X and n € N. That is,

[1Fn(2) = Fa(y)llnt1 = anllz = ylln, (3.8)
for z,y € X and n € N.
Given € > 0, let (yn)nen C X be a sequence satisfying (3.4). For each n € N, let
us take z,, € X such that

Fo_10...0 E)(zn) = Yn-
We claim that the sequence (z,)nen is a Cauchy sequence. Indeed, given n, k € N,

it follows by (3.8) that

n—1
1
||Zn_zn+k||0 S H - Hyn_ n,10...OF0(Zn+k)||n.

j=0 %
Now, combining (3.7), (3.8) and (3.4), we obtain that
”yn —F, 10...0 F0(2n+k)||n
S ||yn - wn”n + ||wn —lp-10...90 Fn(zn—l-k)Hn
De 1
S — + 7||yn+1 - Fn ©0...0 FO(Zn+k)||n+17
dn dn
where w,, € X is such that F},(w,) = yn4+1. Using this fact and proceeding recur-
sively we get that

n+k—1 J 1
Hyn_ n—10~-~OFO(Zn+k)”n§DE Z <H ) . (39)

j=n i=n g
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Consequently, combining these observations we conclude that

n—1 1 n+k—1 j 1
HZn - Zn+k;||o < De H — Z (H )

j=0 % i=n \iz=n &

() o

j=n =0

sl

qi
1 )
i=n \izo &

Finally, observe that condition (3.3) is equivalent to

) n 1 n
ﬂ%(zﬂ)%) <L

Thus, by the root test we have that the series Z;;O(O) ( g:o qi) converges and, in

particular,
+oo /] 1
j=n \i=0 %
Then, it follows by (3.10) that (z,)nen is indeed a Cauchy sequence as claimed

and, in particular, since X is a Banach space, there exists o € X such that

o= lim z,.
n—-+oo

Let us consider now the sequence (z,,)nen defined by x,11 = F,(x,) for n € N.
We claim that there exists C' > 0 (independent on (yy,),) such that

sup ||$TL - ynH < Ce.
neN

In fact, given n € N, by (3.7) and (3.9) it follows that for any k € N,
[0 = Yull < l|l2n — Fa-10... 0 Fo(zntw)ll + [[Fa10... 0 Fo(zntk) — ynll
< Hxn —4fp-10...0 FO(Zn+k)|| =+ ||Fn—1 ©...0 FO(Zn+k) - yn”n

n+k—1 J 1
< @n — Fai0... 0 Fo(zntn)|| + De Z (H > :

j=n 1=n di

Now we need the following auxiliary result.

Lemma 3.3. There exists C > 0 such that Z;LL]fl( z:n qi> < C for every
n,k € N.

Proof. The proof of this result can be obtained by proceeding as in the proof of [11,
Theorem 3.4]. In fact, from Eq. (3.3) on, the proof of the aforementioned result

consists precisely in showing that Z;r:; ( J i) < C for some C' > 0 and every

1=n g;

n e N. O
Thus, taking C' > 0 as in Lemma 3.3 and C' = C'D it follows that
120 = Yull < llTp — Fao10... 0 Fo(znts)|| + Ce (3.11)
for every k € N. Moreover,

[#n = Fn1 0.0 Fo(znit)]|
=||Fh_10...0Fy(xg) — Fn_10...0 Fy(znti) |-
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Therefore, since each F} is continuous and . lim z,4x = xo, it follows that
—+o0

k—+oo

||xn —Fy10...0Fy(zngt) |l 0.
Consequently, taking kK — +o0 in (3.11) we conclude that

sup ||z, — yn| < Ce

neN
as claimed. The proof of the theorem is complete. O
Remark 3.4. We observe that whenever A,, is invertible and p, < |4}t we

have that A, + f, is a homeomorphism and, in particular, is surjective (see [3,
Remark 3.1]). On the other hand, this is obviously not a necessary condition to
guarantee that A, + f, is surjective. For instance, again if A,, is invertible, then
taking f,, = cA, for any ¢ # —1 we see that A, + f, is surjective while, in this
case, p, = |c|||4,]|| can be arbitrary large.

Remark 3.5. Asin Remark 2.5, we observe that (3.3) is trivially satisfied if p,, = ¢
with ¢ > 0 and e — D¢ > 1. In this case, Theorem 3.2 follows from [1, Theorem 5]
when v, = 1, n € N. Moreover, similarly to what we did in the above-mentioned
remark we can also construct an example that satisfies (3.3) which does not satisfy
inf,en(e — Dpy,) > 1.

3.2. The continuous time case. In this section we obtain a continuous time ver-
sion of the results from Section 3.1. For this purpose, let us consider the differential
equation (2.11) and, as before, denote by T'(¢, s) the evolution family associated to
it.

Definition 3.6. Let v: [0,00) — (0,00) be an arbitrary function. We say that (2.11)
is v-nonuniformly exponentially expanding if there exist D, A > 0 such that

|T(t,s)|| < Dv(s)e 7D 0<t<s. (3.12)

Theorem 3.7. Suppose that (2.11) is v-nonuniformly exponentially expanding, and
that there exist D' > 0 and a > X such that

IT(t,s)|| < D'v(s)e*=), t>s5>0. (3.13)

Moreover, let f: [0,00) x X — X be a continuous map with the property that there
is a locally integrable function p: [0,00) — (0,00) such that

1f(t.2) — (b)) < 2O

n+1

v(t)

Set p, := [ p(t)dt for n € N and suppose that P := sup,,cy eP* < 400 and

n—1 n
lim (H (26’\ - 4D”e2a”P2DNPi)> =p for some p € (1,0), (3.15)
n—oo

i=0
where D" := D + D’ and D,\ > 0 are such that (3.12) holds. Then, there is
a constant K > 0 such that for each € > 0 and any continuously differentiable
function y: [0,00) = X satisfying

Hyw—Auwm—fWMﬂMS;%rtza (3.16)

there exists a function z: [0,00) — X such that
2 (t) = A@t)x(t) + f(t,z(t)) t >0, (3.17)

and
sup [|z(t) — y(t)|| < Ke. (3.18)

t>0



SHADOWING FOR CONTRACTING/EXPANDING DYNAMICS ON AVERAGE 11

In particular, if sup;sq v(t) < +00, then the differential equation (2.16) is Lipschitz
shadowable.

Proof. For s > 0 and z € X, let
s o= sup (IT(t, )]l ) + sup (| T(E, s)alle™).
t<s t>s

Then,
]| < ||lzlls < D"v(t)||z|], for s>0andze X. (3.19)

Moreover, for 0 <t < s and z € X we have that

17t 5)alle = sup (IT(r, s)alle* ) + sup (| T(r, s)ale )
r<t r>t

< e D sup (IT(r, )X ) + 7260 sup (IT(r,s)afje~)
r<t t<r<s

e sup (|T(r, )zl )

r>8

< 2e7 57 qup <||T(r, 8)£E||€/\(S_T)) +e D sup (HT(Ta S)x”e_a(T_s))
r<s r>S8

< 26_>\(s_t)‘|x”5~

Hence,
1T(t, s)z|le < 2e 26D |z|ls, for0<t<sandzeX.

Similarly one can show that
|T(t, )|, < 2e*F)|z||s, fort>s>0andzeX. (3.20)

Let U(t,s) be given by (2.18). It follows from (3.14), (3.19) and (3.20) that for
z,y € X and t > s > 0, we have that

WUt s)z — Ut s)ylle < TG 5)(& — )]l
+/ﬁwmmqmvm@@—fmUm@wWMr

< 2e"07 e —y s

t
e / | £, U(r, s)z) — F(r,U(r, 5)y)||, dr

< 269z — g,

t
+ 2D"/ e Ip)|U(rys)o = U r, )yl dr.

By Gronwall’s lemma, we conclude that
U (¢, s)a = U(t, s)ylle < 2eE T2 Lop)dr gy (3.21)

fort > s> 0and z,y € X. Let f,,: X - X, n € N be given by (2.22). Then,
(3.14), (3.20)
n+1

[fn(@) = fa(®)llntr < / IT(n+1,7)(f(r,U(r,n)z) — f(r,U(r,n)y)llny1 dr

n

n+1
S 2/ + = £ (r U (ryn)z) — f(r, U(r,n)y)||, dr

n+1
< 2D”e“/ p(M|U(r,n)x — U(r,n)yl| dr

n+1
< 4D//€2a”$ _ y||n62D fn+1p(r) dr/ p(?“) d’l“,
n
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which implies that
1 fn(@) = fu(y)|| < 4D"2*P?P p ||z — ylln, forn €N and 2,y € X.

Denoting A,, = T'(n + 1,n) we have that A, + f, = U(n+ 1,n), n € N. Observe
that A,, + f, is invertible and (A, + f,,)~! = U(n,n + 1) for each n € N.
Let € > 0 be arbitrary and choose a continuously differentiable function y: [0, 00) —
X satisfying (3.16). Fix n € N arbitrary and let §: [n,00) — X and z: [0,00) = X
be as in the proof of Theorem 2.7. We have (using (2.23), (3.16), (3.19) and (3.20))
that
t

nmw—g@mtszD"/‘w“#mUva»—wmmdr+2/“ww”ﬂdmmdr

n n
t

gzwD%+awD(/pummm—gwmﬂm

n

t

for n € N and ¢ € [n,n + 1]. Hence, by applying Gronwall’s lemma we conclude
that
ly(t) — 5()||: < 2e*D"ee?*P"Pr for n e Nand t € [n,n + 1].

In particular,
ly(n+1) = Apy(n) = fa(y(n))[lnsr < 2e°D"P**P7e, neN.

Now, it follows from the proof of the previous theorem that there exists a se-
quence (z,)neny C X such that z,41 = Apzy + fr(2,), n € N and

|zn —y(n)|ln < Le neN,

where L > 0 depends only on D, D’ A\ a and the sequence (p,),. We define
x:[0,00) — X by (2.25). Then, z satisfies (3.17) and (2.26) holds for n € N
and t € [n,n + 1]. Consequently,

t

l2(t) = y(@)lle < 2e%(|lzn — y(n)|ln + 2¢*D"e + 26"17”/ p(r)llz(r) —y(r)l, dr

n
t

< (2L + 2e*D")e + 2e* D" / p(r)||z(r) — y(r)|| dr,

n

for t € [n,n + 1] and thus, by Gronwall’s lemma, we get that

lz(t) = y(@®)]| < [l2(t) = y(B)]l¢ < (2L +2e*D")P*"Pe, ¢ > 0.
Therefore, we conclude that (3.18) holds with K := (2L + 2e2D")P2*P” > ¢
and the proof of the theorem is completed. O

Remark 3.8. Observe that condition (3.13) is fulfilled under some very natural
assumptions. For instance, if v(t) > 1 for every ¢t > 0 (which is the case we are in
general interested in) then by Gronwall’s lemma it follows easily that condition

sup ||A(t)]| < +o0
>0
implies that (3.13) is satisfied.

4. THE DICHOTOMIC CASE

Based on the results obtained in the previous sections, one could wonder whether
a similar result could be obtained in the case where Eq. (2.1) admits an exponential
dichotomy. In this section, we show by means of an example that this is not the
case in general. We will focus on the case of discrete-time dynamics. A similar
example can be built in the continuous-time context. We start by recalling the
following definition.
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Definition 4.1. We say that (2.1) admits an exponential dichotomy if the following
conditions are satisfied:

(1) there exists a family of projections P,, n € N, such that
AnP, = Py Ay; (4.1)
(2) the restriction
Apnlkerp, : Ker P, — Ker P11 (4.2)

is an invertible operator for each n € N;
(3) there exist D, A > 0 such that

| A(m,n)P,|| < De ™™= for m >n (4.3)
and
| A(m,n)(Id —P,)|| < De=*™=™)  for m <n (4.4)
where
A(m,n) = (A(n, m)|Kcrpm)71: Ker P, — Ker P,,,
for m < n.

We have the following characterization of an exponential dichotomy which follows
from [1, Corollary 2] and [1, Proposition 4] (see also [4]).

Theorem 4.2. If dim(X) < +oo, then (2.1) admits an exponential dichotomy if
and only if (2.1) is Lipschitz shadowable.

We are now ready to construct our example.

Example 4.3. Let (A4,,),en be a sequence of 2 x 2 matrices given by

e 0
An = (O e_l)

for every n € N. It is easy to see that this sequence admits an exponential dichotomy
with the sequence of projections (P,,),en given by

0 0
r=(y )

Let us consider now the sequence (By,)nen given by

B if n is a power of 2

0 1
-0
Then, denoting by B(-,-) the evolution operator associated to (By)nen and pro-
ceeding by induction we can show that, for every n > 1,

" 0 6”72
B(2 ,O) = <0 e—(2"—n)>

{An if n is not a power of 2;
B, =

where

and (2
" 0 e (@"—n
6(2 + 170) = (O 6—(2”—71)) :
In particular,
lim ||B(2" +1,0)]| =0

n—-+o0o

while

n

lim [|B(2",0)] = +oo.
——+00
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This shows that (B, )nen can not admit an exponential dichotomy. In particular,
by Theorem 4.2, the difference equation

Tn+1 = Byr,, ne¢ N

is not Lipschitz shadowable.
Let us now consider f,,: R? — R? given by

(@) 0 if n is not a power of 2;
n\T) =
(B—A,)x if nis a power of 2.

Then, we have that
[fn(@) = fa@)I < pullz —yll
for every x,y € R? and n € N where

0 if n is not a power of 2;
DPn = . .
g if nis a power of 2

and
o —e 1
=10 1—et)|
Then,
1
n—1 "
. Y )
Jm _H(e +pi) | <1
7=0
and )
n—1 n
. )\_ .
ngr—ir-loo l_IO(e pi)| >1
j:

In particular, conditions similar to (2.4) and (3.3) are satisfied. Now, since (2.1)
admits a uniform exponential dichotomy, a version of Theorems 2.4 and 3.2 in this
context would have to give us that

Tpy1 = Apz + fn(z), neN
is Lipschitz shadowable which we know is not the case since A, + f, = By, for every
n € N. Consequently, a version of Theorems 2.4 and 3.2 for exponential dichotomic
sequences does not hold in general.
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